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Abstract
This thesis concerns the use of nuclear reactions to study the structure of neutron- 
rich light nuclei. Emphasis is placed on 11Be which has been identified as a nucleus 
with a single neutron halo and which offers a simple 2-body case for detailed 
analysis. Comparisons are made with experimental data for the break-up of 11 Be 
on gold, titanium and beryllium targets.
As a prelude to more detailed work a simple elastic break-up model calculation, us­
ing the Distorted Wave Born Approximation (DWBA), is attempted. The resulting 
theoretical cross-sections show good agreement with the shape of the experimental 
data but cannot predict the absolute magnitude.
A major part of the break-up work is a more accurate model using the post-form 
DWBA. The formulation is built up from basic scattering theory and includes 
details of employing the Zero Range Approximation and the Vincent and Fortune 
method of integration. A Finite Range Correction is also applied. Cross-section 
calculations for a gold target agree closely with experiment but a problem arises for 
lighter targets. Here the Coulomb potential must be excluded from the calculation 
to obtain a result that matches the experimental data.
A method for the calculation of inelastic break-up is presented which only requires 
a small modification to the methods used for elastic break-up. As it suffers from 
the same light target problem only calculations for a gold target give an inclusive 
cross-section, produced from the elastic and inelastic contributions, which matches 
the experimental data satisfactorily.
To overcome the light target problem a full recoil calculation is introduced. Ar­
guments and analysis are produced to show that this method is too demanding of 
both computing time and storage for practicable implementation. Future calcula­
tions are proposed using an analytical method for Coulomb break-up.
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C h a p t e r  1  
I n t r o d u c t i o n
1 . 1  H a l o  N u c l e i
One of the purposes of nuclear physics is to study specific nuclei and infer from 
them properties that are common to all. There are, however, many variations 
in nuclei in terms of composition, shape and energy level spectra which make it 
impossible to deduce global properties for all nuclei from the examination of only 
a restricted sample. The nuclear shell model is, of course, a good attempt at 
providing a all-embracing model but has deficiencies once nuclei away from the 
main stream of stability have to be understood.
One of the variations, the proton-neutron ratio, is generally kept within certain 
limits by the fact that too many protons can cause fission or proton emission 
from Coulomb forces whilst too many neutrons result in neutron emission. Very 
few nuclei far from stability have had even their basic parameters determined 
but interest has been kindled internationally among experimental and theoretical 
physicists by experiments involving radioactive nuclear beams.
One of the interested groups consists of a collaboration between NORDITA, the 
Niels Bohr Institute, the Kurchatov Institute of Atomic Energy in Moscow and 
the University of Surrey. Much of this interest has settled around the nucleus n Li, 
which has a half-life of 9 milliseconds before it decays by /3~ emission. Recent 
measurements of cross-sections for the reaction of 11 Li have revealed a new feature 
of nuclear matter, the neutron halo, an extended low-density tail of the neutron 
density distribution. Subsequent experiments [7] have confirmed the results of 
these cross-section measurements. The formation of the halo is thought to result 
from the weak binding of the two outermost neutrons (about 300 keV). A suitable 
model for 11 Li is therefore two loosely bound neutrons in orbits around the more 
tightly bound 9Li core. The nns radius of the outermost neutrons is 5.3 fm, 
comparable with nuclei of much higher atomic number [eg 70Zn(4 fm) or 197Ag(5.23 
fm)] whereas the mis radius of the core is only about 2.44 fm. Experiments using
1
a proton beam impinging on a target to produce a secondary beam of short-lived 
nuclei have been summarized by Boyd and Tanihata [9]. In the mid-1980s a first 
series of experiments with high energy beams of 11 Li on a variety of targets was 
made.
There is also considerable interest in n Be because it has one of the highest neutron- 
proton ratios (7/4) known today. [Only sHe (6/2), n Li (8/3) and 34Na (23/11) 
have a higher ratio]. 11 Be consists of a single neutron halo with a 10Be core and 
has a half-life of 13.8 seconds before it decays by j3~ emission to n B. At GANIL, 
Caen, Anne et al [2] have measured neutron differential cross-sections from the 
break-up of 41 MeV/nucleon 11 Be on gold, titanium and beryllium targets.
In any study of these nuclei it is necessary to model the core element so that 
suitable calculations for the break-up of the complete halo nucleus can be made. 
In the case of 11Be the core, 10Be, is a bound state.
1 . 2  R e s e a r c h  A i m s
The initial part of this research is to investigate likely models for 11 Be to enable 
more detailed break-up calculations to be made. The main aim is to produce an 
accurate quantum mechanical model of the break-up process for 11 Be.
Radio-active nuclear beam facilities can produce secondary nuclear beams of par­
ticles with energies of 10 A  M e V  to 100 A  M e V  [9] (where A  is the atomic mass). 
The 11 Be break-up experiments at GANIL, using a beam of radioactive 11 Be ions, 
were conducted at a beam energy of 41 MeV/nucleon. This energy means that the 
projectile velocity is approaching 30% of the velocity of light. However, for this 
work, relativistic effects are not included. The assumption is made that the n Be 
|+ ground state is an ‘intruder5 2s halo neutron with a 0+ 10Be core.
There is a strong alternative view [19] that the |+ state comprises a superposition 
of the latter component with one consisting of an excited 2+ core with a 1 + 2  
and/or a ld/y2 neutron in the halo. The method for break-up calculations used in 
this thesis is also valid for this view. The core excitation model is being addressed 
elsewhere [17].
The main approximations used in this study are the Distorted Wave Born Approx­
imation ( D W B A )  and the Zero Range Approximation.
1 . 3  P l a n  o f  t h i s  T h e s i s
The thesis discusses the structure of the 11 Be nucleus in Chapter 2 and then con­
centrates on break-up in the remaining chapters.
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The structure work considers the lightly bound state of 11 Be. Potentials are found 
that produce the known bound states for the neutron halo and the validity of the 
neutron wave-functions are tested by B(E1) calculations.
The section 011 break-up commences with a general outline of the D W B A  followed 
by a simple model for elastic brealc-up. This model provides a reasonable expla­
nation for the shape of the elastic break-up cross-section when a heavy target is 
used.
A  major part of the break-up work is a more accurate, partial recoil model using 
the post-form D W B A .  The formulation is built up from basic scattering theory and 
includes details of employing the Zero Range Approximation and the Vincent and 
Fortune method of integration. A  Finite Range Correction is also applied. The 
actual problems of the computation are discussed, in particular those associated 
with using the method for light targets, and the results presented.
The next chapter details a method for calculating inelastic break-up. An advantage 
of the method is that it only requires a small modification to the components of 
the elastic model but it suffers from the same disadvantages for light targets as the 
elastic calculation. An inclusive cross-section is produced for a gold target from 
the elastic and inelastic contributions for comparison with the experimental data.
In an attempt to overcome the light target problem a calculation including full 
recoil is suggested. Calculations are carried out for 260 M e V  deuteron break-up on 
a copper target which match experimental values well but arguments are produced 
to show that this method is too demanding of both computing time and storage for 
practicable implementation for heavier ions at this stage. An analytical Coulomb 
break-up calculation method is used to provide a comparison with the partial 
recoil calculation for Coulomb break-up. A  simple addition of analytical Coulomb 
and partial recoil nuclear cross-sections matches the light target experimental data 
fairly well and points to a possible way forward for light targets.
The conclusions to-date from the research are given together with some further 
comments 011 future work.
Appendices provide more details of some of the methods used.
W e  commence, then, with some work on the structure of 11 Be.
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C h a p t e r  2  
S t r u c t u r e  -  1 4 B e
According to the shell model the ordering of states in a nucleus should follow the
following sequence - Is, lp3/2, lpi/2> lds/2> ld3/2? 2s, .... For n Be, experiments
have determined that an ‘intruder5 2s ground state exists at — 0.504 M e V  where, 
from the above sequence, a lpi/2 ground state would be expected. There is a lpi/2 
excited state at — 0.186 M e V  [13]. The last neutron energy for 10Be in tables [15] 
suggests a lp3/2 state at — 6.815 MeV. At this point the Is energy is not well defined 
although calculations produce possible values (see Tables 2.1 and 2.2). The initial 
aim is therefore to determine a likely potential that will produce bound states for 
a neutron in both a lpi/2 and 2s state.
2 . 1  D e t e r m i n a t i o n  o f  S u i t a b l e  S i n g l e - p a r t i c l e  P o ­
t e n t i a l s
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Using a single-particle code a potential was obtained that has bound states at these 
energies. The details are given in Table 2.1 and a graphical representation of the 
potential shapes is shown in Figure 2.2
Vce„(MeV) rcen(fm) acen(fm) 100 (MeV) I rso (fm) aso (fm)
38.320 1.210 1.4503 30.013 j 1.210 1.4503
Bound States at this Potential
State Energy (MeV)
Is -13.036
lp3/2 -6.815
lpl/2 -0.186
ld-5/2 -0.736
2s -0.504
Table 2.1: n Be - Bound states: Potential 1
NOTE: The potential is defined as —Vcenf(r )  +  g '{r) ( \f )2L<I where
f ( r )  =  (1 +  g(r)  =  ( i  +  and (A„)2 is the pion
Compton wavelength squared (psj 2 fm2). The definition for the spin-orbit potential 
conforms to that used by Becchetti and Greenlees [6],
r  ( f m )
Figure 2.2: n Be Potentials: (1)
Some aspects of this potential are unsatisfactory in that it has a high spin-orbit 
potential and is also very diffuse. These characteristics are necessary to ensure 
that the single-particle code produces a 2s intruder state. Dr J. A. Tostevin has
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suggested an alternative method to achieve the same end without such an unac­
ceptable spin-orbit component. This requires the addition of a large, short-range 
central potential with low diffusivity (0.610 fm is used). This potential is able to 
reproduce the bound states satisfactorily without all of the first potential’s dis­
advantages although the spin-orbit potential is still large. The details are given 
in Table 2.2 and a graphical representation of the potential shapes is shown in 
Figure 2.3
VCen (MeV) I’cen (fm) ace„(fm) Vso(MeV) rso (fm) aso (fm)
41.025 0.750 1.175 15.975 0.750 1.175
106.665 0.700 0.610
Bound States at this Poten ial
State Energy (MeV)
Is -30.705
lp3/2
lPl/2
ld5/2
2s
-6.803
-0.186
+6.258
-0.504
Table 2.2: n Be - Bound states: Potential 2
Figure 2.3: n Be Potentials: (2)
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2 . 2  R e d u c e d  T r a n s i t i o n  R a t e  f o r  E l  T r a n s i t i o n s  
( B ( E 1 ) )
Electric dipole transitions between bound nuclear levels are almost invariably hin­
dered with respect to single-particle estimates due to most of the El strength 
associated with any given level appearing in the giant dipole resonance built on 
that level. Exceptions occur in light nuclei and the | > |+ transition in 11 Be is
the strongest known El transition between bound nuclear levels.
This suggests that a good test of the validity of the 2s and lpi/2 wave-functions 
produced by the two potentials in Section 2.1 would be a calculation of the B(E1) 
and a comparison with experimental values. A  paper by Millener et al [16] provides 
suitable experimental data.
N o w  B(E1) is defined in Bohr and Mottelson [8, page 83] as
s„,M,| < U s(l,ss)j]M,\&t(El W>  I2 (2.2.1)
=  l \ < U f(lfSf)j,\\d1(El)\\Ui(lisi)ji> B M \2, (2.2.2)
3i
where the subscript b m  indicates the Bohr and Mottelson definition of the reduced 
transition matrix, j represents (2j +1)1//2 and U  is the radial function. Comparison 
with the Brink and Satchler [10, page 57] definition shows that
I <  U fVfSfVfW d^Eyw iviiSi)ji r
=  j}\< Uf(lS,)jf\di(El)\Ui(l>BS I2 (2.2.3)
and thus that
B{El) = % \ <  0>(i,*/)j/||<5i(£l) | | U > B S  I2, (2.2.4)
3i
where the subscript Bs indicates the Brink and Satchler definition of the reduced 
transition matrix.
Oi (El) is the Transition Operator and may be defined as where qt is
the charge on the Th proton and rj is the vector from the centre of mass (CM) to 
the T h  proton (rp - R) (see Figure 2.4).
Calculating the B(E1) for the El transition from lpi/2 to 2s in 11 Be we have 
9
B(El) =  -| <  M O ( 0 ] ) § l l ^ i ( O I I V Pl/2« ( U ) i  >bs I2,
Ap roo
=  I (2.2.5)
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For particles with spin ~ Brink and Satchler [10, page 81] show that
-
< ( 0 1 ) 111^ 11(1 1 ) 1  > BS =  - ( — ) 2 C ( | 1 I - 1 |1 0 ) (2 .2 .6 )
=  -0.282095.
poo
Thus B( El )  =  0.01052e | / drr3U’,Uiv m 1 (fra2)- (2.2.7)
J o
/0°° drr3UfsUiPl^ is determined by integrating the spatial wave-fnnctions produced 
by each of the potentials. Table 2.3 gives the results and also the experimental 
value from Millener[16],
10Be
Figure 2.4: Spatial Elements of 11 Be E l Transition
J0°° drr3U lU lpy/2 B(E1)
Potential 1 
Potential 2
7.02785 (fm) 
5.51202 (fm)
0.520e2 (fm2) 
0.320e2 (fm2)
Experiment 0.115e2 (fm2)[±0.010]
Table 2.3: Calculations of B(E1) compared with Experimental Results
The result for potential 2 is closer to the experimental figure and indicates that 
a sharply attractive potential near the origin may produce a more realistic single- 
particle wave-function and hence a better estimate of B(E1). However, the values 
are rather large and this may be accounted for by the high rms radii of the wave- 
functions calculated (see Table 2.4). These should be compared with, for example, 
the values of 6.49 fm (2s) and 5.96 fm (lp i/2) calculated by Sagawa [21].
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Wave-function 2s lpi/2
Potential 1 
Potential 2
8.74 (fm) 
7.48 (fm)
8.16 (fm) 
6.26 (fm)
Table 2.4: Rms Radii of Calculated Wave-functions
The alternative model for n Be involving core excitation [17] has a B(E1) figure of 
0.150e2 (fm2), a value significantly closer to experiment.
2 . 3  C o n c l u s i o n s
W e  have produced, for the 11 Be structure, two models which satisfactorily describe 
the known energy levels but which do not show up so well against the B(E1) test. 
Calculations suggest that the core excitation model is likely to give a more accurate 
model of the nucleus and so all three models will be considered for the calculations 
that follow.
Some further comments are necessary regarding the suitability of potentials 1 and 
2. The attempt to obtain one potential to satisfy all known energy levels is a m ­
bitious. The potentials, found by a search in parameter space, have too high a 
spin-orbit potential (a more realistic value of Vso would be 3-5 MeV) and are too 
diffuse. The rms radius is high which leads to a high figure for B(E1). Finally the 
uniqueness of the potentials can not be demonstrated.
A n  alternative approach would be the use of separate potentials for each of the 
2sx/2 and lpi/2 states. With fewer restrictions on these potentials they may be 
designed to have an rms radius to match the experimental figure and have less 
diffuseness with a more realistic spin-orbit potential.
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C h a p t e r  3
B r e a k - u p  -  T h e  D i s t o r t e d  W a v e  
B o r n  A p p r o x i m a t i o n
Break-up experiments are carried out to determine the angular and momentum 
distributions of one or more of the dissociated particles. The results can give 
information concerning the structure of the projectile and its internal transverse 
momentum distributions. For example, with loosely bound halo nuclei, break-up 
reactions give narrow forward momentum distributions which qualitatively agree 
well with the view of an extended object [3].
Break-up can be elastic or inelastic in nature. Elastic break-up arises when a 
projectile is broken into two (or more) fragments and the fragments plus the target 
nucleus remain in the ground state. Inelastic break-up is defined as any break-up 
in which a fragment, or the target nucleus, is in an excited state. An inclusive 
differential cross-section for a neutron following 11 Be break-up therefore comprises 
both elastic and inelastic break-up of the n Be into a 10Be core and a neutron. 
In other words it is the differential cross-section of a neutron produced from any 
interaction of n Be with the target. For inelastic break-up the 10Be core and/or the 
target nucleus may be in an excited state or there may be some other interaction 
between the two.
Halo nuclei permit us to use core -f particle models to simplify the calculations, 
avoiding such complications as antisymmetrization.
The GANIL experiments [2], to which reference is made in this thesis, studied neu­
trons emitted from the break-up of a 11Be projectile in an attempt to understand 
the quantitative roles played by the halo wave-function and the reaction mech­
anism. The experiments used a very clean secondary radioactive beam of 11 Be 
(produced from a primary beam of 63 MeV/nucleon 18 0 ) with an energy of 41 
MeV/nucleon (mid-target value). The targets (Be, Ti and An) were sandwiched 
in a detector telescope operated in coincidence with the neutrons with a flight path 
of 3m. A powerful array of neutron detectors was used with high granularity near 
0° and good detector efficiency at large angles.
10
The energy gate of the neutrons was set around beam velocity (from 26 MeV up 
to 80 MeV) in order to eliminate neutrons from deep inelastic and evaporation 
processes following core-target collisions. The calculations were carried out using 
these same energy limits for the measured neutrons. The experiments measured 
the angular distribution of both inclusive and exclusive neutrons from the break-up 
process on each of the targets. The text of the experimental report [2] implies that 
the exclusive experiments measured elastic break-up.
The errors displayed in the experimental data are statistical errors and, in addition, 
there is an estimated overall scale error of ±  20%.
The calculations carried out in this thesis are based primarily on the post-form 
Distorted Wave Born Approximation (DWBA).
3 , 1  D e r i v a t i o n  o f  t h e  P o s t - f o r m  D W B A
Referring to the Baur and Trautmann [4] formulation for elastic break-up
a +  A —> b -}- x +  A,
we suppose that the interactions Vax and are given by phenomenological optical 
model potentials. For the initial channel we introduce the phenomenological optical 
model potential Vqa, which describes the CM motion of projectile a in the field of 
the target nucleus A, and use the following decomposition of the full Hamiltonian 
(if):
H =  Hi +  Vt, (3.1.1)
where Hi — TAni +  Vacl +  FA
and Vi =  Vax +  Vm  — Vao*
For the final channel we use
H =  Hf +  Vf, (3.1.2)
where Hf =  Tkinf +  VAb +  Vax
and Vf =  Vbx.
Differential cross-sections can be expressed in terms of off-shell T-matrix elements.
This thesis uses the conventions in Taylor [25, page 139] whereby the off-shell 
T-m atnx is defined as < p 'It M Ip  > and is related to the on-shell T-matrix
W p ' *- p »  by
*(p' <- P) =  g m  < p'|T(EP +  ie)|p >,
=  < p'\T(Ep +  i0)|p >  [EP, =  EP). (3.1.3)
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Assuming an infinitely heavy target, an exact expression for the post-representation 
of the break-up process of a three-body system described by the above Hamiltonian 
is
Tf°“ = <  e x p ^ . r ^ )  e x p C ik ,.^ ,) !^ . +  VM +  Vbx\ 4 +) > .
Figure 3.1: Geometry of Three-body Break-up
Baur and Trautmann [4] show that an equivalent expression is
Tf°st = <  + >|Vrte| # ) >  ■
£( 1 satisfies
P W  +  V2b +  v x M I  =
where +  =  X k + r Ai,)Xk~,)(I+ ) -
(3.1.4)
(3.1.5)
(3.1.6)
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T f ? s t ( b r e a k  ~  u p )  = <  x i / ( r © % k / ( r © I V b x \ t p \ + )  >  ■ ( 3 . 1 . 7 )
T h i s  is  s t i l l  a n  e x a c t  e x p r e s s io n  b u t  w e  n o w  n e e d  t o  in t r o d u c e  a n  a p p r o x i m a t i o n
f o r  t h e  w a v e - f u n c t io n  I f  w e  a s s u m e  t h a t  in e la s t ic  e x c i t a t io n s  o f  t h e  a  n u c le u s
a r e  s m a l l  t h e n  i n  E q u a t i o n  ( 3 . 1 . 7 )  c a n  b e  a p p r o x im a t e d  b y
# ) =  x £ ) ( R A a )U n .)  ( 3 . 1 . 8 )
s in c e  t h is  r e p r e s e n ts  a  p r o je c t i l e  s t a y in g  t o g e t h e r  as  a .  W e  t h e r e f o r e  a r r i v e  a t  o u r  
p o s t - f o r m  D W B A  T - m a t r i x  e le m e n t  f o r  b r e a k - u p  o f
+ T  DWBA = <  x t ) ( ^ 6 ) x t ) ( r A , ) | H , . | x i t ) ( R ^ ) ^ ( r ;>, )  >  . ( 3 . 1 . 9 )
Thus
3 . 2  A  S i m p l e  E l a s t i c  M o d e l
A  s u i t a b l y  s im p le  m o d e l  f o r  t h e  b r e a k - u p  w o u ld  b e  w h e r e  t h e  n e u t r o n  b e h a v e s  
s o m e w h a t  l i k e  a  s p e c t a t o r  i . e .  a  m o d e l  o f  t h e  S e r b e r  t y p e  w h e r e  t h e  10B e  c o r e  
is  s t o p p e d  b y  a  s h a r p - e d g e d  t a r g e t  n u c le u s  a l lo w in g  t h e  n e u t r o n  t o  c o n t in u e  o n  
w i t h  i t s  t r a n s v e r s e  m o m e n t u m  i n t a c t .  S in c e  t h e  e x p e r im e n t s  c a r r ie d  o u t  w i t h  11 B e  
b r e a k - u p  [2] h a v e  u s e d  h ig h  b e a m  e n e r g ie s  o f  4 1 M e V / n u c l e o n  t h is  s u g g e s ts  t h a t  
a  m o d e l  o f  t h e  S e r b e r  t y p e  m a y  g iv e  a  r e a s o n a b le  p ic t u r e  o f  t h e  i n t e r a c t i o n  w h e n  
t h e  t a r g e t  is  h e a v y  a n d  r e c o i l  is  m i n i m a l .
R e w r i t i n g  E q u a t i o n  ( 3 . 1 . 7 )  f o r  11 B e  b r e a k - u p  w e  h a v e
T f i  = <  X k l ( r / U o ) x h ) ( r 4 n ) I Y o „ ( i - 1o„)|V-’k t 1) ( r io » )  >  ( 3 . 2 . 1 )
w h e r e  0 j 4 9 ( r i On)  >  is  t h e  f u l l  s o lu t io n  f o r  t h e  H a m i l t o n i a n  H  w i t h  a  p r o je c t i l e  n B e  
i n c id e n t  w i t h  m o m e n t u m  T ik n  o n  a  t a r g e t  n u c le u s  A  -  a s s u m e d  i n f i n i t e l y  h e a v y  
( i . e .  w i t h  n o  r e c o i l ) .  W e  s h a l l  a p p r o x i m a t e  |Y7{c' /  >  b y
e* k n . ^ u $ n ( r 10n)
(2'kTi)3/2
( a  c r u d e  f o r m  o f  D W B A )  w h ic h  d e s c r ib e s  t h e  p r o je c t i l e  as  a  p la n e  w a v e  i n c id e n t  
u p o n  t h e  t a r g e t  n u c le u s  A .  I f  w e  d e n o t e  t h e  v e c t o r  b e t w e e n  A  a n d  t h e  c e n t r e  o f  
m a s s  o f  t h e  p r o je c t i l e  (rA11) b y  R  a n d  t h e  v e c t o r  r10n b y  r t h e n  w e  h a v e
rAn =  R + ^ r  (3.2.2)
m n
a n d  r ^ io  =  R -----------— r .  ( 3 . 2 . 3 )mu
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Using as a formula for
x f ’W (2 irTi)3/2
.lit,-,r . 2 to j f  3 <  k | T ( B fci -  tO)|ki >  ,k.r
e +WJdL fe?-fe2-io e (3.2.4)
w e  s u b s t i t u t e  i n  E q u a t i o n  ( 3 . 2 . 1 )  t o  g e t  a n  e q u a t io n  o f  f o u r  t e r m s ,  i .e .
T f i  —  T o  T  T n  -{- T w  - f  T W n ,  ( 3 . 2 . 5 )
w h ic h  c a n  b e  i n t e r p r e t e d  as  fo l lo w s :  t h e  n e u t r o n  s c a t te r s  o n  A  ( T n ) ,  t h e  10B e  c o r e  
s c a t t e r s  o n  A  ( T 10) a n d  b o t h  t h e  n e u t r o n  a n d  t h e  10B e  c o r e  s c a t t e r  o n  A  ( T 10n) .  
( T h e  t e r m  w h ic h  c o n t a in s  t h r e e  p la n e  w a v e s  ( T 0 )  v a n is h e s  f r o m  c o n s e r v a t io n  o f  
e n e r g y . )  N e g le c t in g  t h e  d o u b le  s c a t t e r in g  t e r m  T 10„  t h e  t e r m  T n  ( o r  T w )  h a s  a  
s im p le  p h y s ic a l  i n t e r p r e t i o n .  T h e  n e u t r o n  ( o r  t h e  10B e  c o r e )  i n t e r a c t s  v i a  V a u  ( o r  
Valo) t o  a l l  o r d e r s  w i t h  t h e  t a r g e t  n u c le u s  a n d  is  k n o c k e d  o u t ,  w h e r e a s  t h e  10B e  c o re  
( o r  n e u t r o n )  is  o n ly  a  s p e c t a t o r .  T h i s  t e r m  le a d s  t o  c ro s s -s e c t io n s  t h a t  a r e  f o r w a r d  
p e a k e d  w i t h  r e s p e c t  t o  t h e  e m is s io n  o f  t h e  a p p r o p r ia t e  p a r t i c l e .  O u r  in t e r e s t  l ie s  
w i t h  T io  s in c e ,  l i k e  t h e  e x p e r im e n t a l  d a t a ,  i t  r e p r e s e n ts  a  s h a r p ly  f o r w a r d  p e a k e d  
n e u t r o n  c r o s s -s e c t io n .  T h e  T io  t e r m ,  a s s u m in g  a  g o ld  t a r g e t ,  m a y  b e  s t a t e d  as
x  r  d k <  k \ T A M E k  -  i o ) | k 10 > '  e - i k . ( R - ^ - r ) v .i t o ( r ) e i k 11.R $ i i ( r ) )  
io  — T  ^
_  2 m io  f  <  k 1 0 l T ^ 10( g fclo + » 0 ) | k  >
%2(2ir h f / A  k20 - k 2 +  iO
x  / c 7 R e - * ' (k “ + k - k n ) R / r f r e i l ^ ‘k " ^ ' k ” ) r y io „ ( j - ) 4 > 1i ( r ) .  ( 3 . 2 . 6 )
N o w ,
t h e r e f o r e ,
L e t
J  c7R e - i (k ’*+ k - k ‘ 1) R  =  « ( k  -  ( k „  -  k „ ) .  
a n d  m n  p h  m 1Q +  m n ,
_  2 m io  <  k i o | T J4uio (-E ;A;10 + ^ 0 ) | k n  — k n >
10 "  7i2(2ir% f ! 2  k 2w  -  ( k „  -  k „ ) 2
x  / d r e i ( ^ k u “ k " ) J V ao„ ( r ) $ u ( r ) .  (3.2.7)
f ^ k n - k h  = Q (3.2.8)
\ m n /
a n d  Vio„(r)$u(r) =  ( E b  -  ff°)$n (r) (3.2.9)
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then, substituting in Equation (3.2.7), we have,
Tio -
2 m ip  <  k 1 Q \ T A u l 0 ( E k l 0  +  z O ) | k n  -  k n >  
h 2 ( 2 7 r h f E  P 1 0  -  ( k n  -  k n ) 2
X  J  -  r)],
2mio < kio|TJi„1o(.Ejb10 + 20)|kn —  k„ >  
h2(2ir%f/* W o  ~  (kn -  k„)2
x J  drle-^E^r)-  )],
2m-io <  kio|7!4«io(-E?fcio +  ?’0)|ku —  k„ >
h 2 { 2 i r h . f / 2 &10 -  ( k n  -  k „ ) 2
X J  d r e ~ i Q * E b -
h 2 Q 2
2  f i
$ii w , ( 3 . 2 . 1 0 )
m 1 0 m „
w h e r e  u  —
m u
( 3 . 2 . 1 1 )
N o w ,
E b
h2Q2
2 fi
k \ Q -  ( k n  -  k „ ) 5
El [ Ma _i_ LE  A;  Q2
2 [m io ' m n m il /£
/no -  (kn -  kn)2
ft2
2mio
h2
L2 I nno 12 _ m10 l2 _  »noQ; 10 T- mn n TOll 11
&f0 -  ( k u  -  k„)>
2 m
(3.2.12)
( 3 . 2 . 1 3 )
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S u b s t i t u t in g  i n  E q u a t i o n  ( 3 . 2 . 1 0 )  w e  h a v e ,
■10
b u t ,  s in c e  4 * n ( Q )  
w e  f i n a l l y  h a v e ,  
Tio =
%  = ^  k io l^A u io (-£ 'fc io  + ' i O ) | k n  — k „  >  J  d r e  ^ ' 1 $ 11( r ) .
J dr<SSrA»(fr
1 ~ 77?
U h i io ( k io  k n  — k n) $ n (  lcn  — k n),
(2tyU) m n
( 3 . 2 . 1 4 )
w h e r e  f - A u i o  is  t h e  T - m a t r i x  e le m e n t  f o r  t h e  i n t e r a c t i o n  b e t w e e n  t h e  10B e  c o re  a n d  
t h e  t a r g e t  a n d  I n  is  t h e  m o m e n t u m  s p a c e  w a v e - f u n c t io n .
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3 . 3  D i f f e r e n t i a l  C r o s s - s e c t i o n s
W e  u s e  t h e  f o r m u l a t i o n  i n  T a y l o r  [2 5 ,  p a g e  3 4 8 ]  f o r  t h e  c ro s s -s e c t io n  o f  t h e  b r e a k - u p  
o f  a  p r o je c t i l e  a  o n  a  t a r g e t  A  i n t o  t w o  p a r t ic le s  b  a n d  x .
a ( A '  < -  p a )  =  ^  m  f  d p ' S ( E '  -  E ) \ t ( p f  < -  p a ) | 2 ( 3 . 3 ! )
Pa  ^A'
w h e r e  w e  d e f in e  A ; so  t h a t  i t  in c lu d e s  a  s m a l l  r e g io n  a r o u n d  p h
S in c e  w e  a r e  h e r e  d e a l in g  w i t h  a n  i n f i n i t e l y  h e a v y  t a r g e t ,  p a is  t h e  l a b o r a t o r y  
m o m e n t u m  o f  t h e  p r o je c t i l e  a  a n d  m  is  i t s  m a s s , p '  is  t h e  s e t ( p f e  p ( . ) ,  t h e  l a b ­
o r a t o r y  m o m e n t a  o f  t h e  p a r t ic le s  b  a n d  x  i n  t h e  e x i t  c h a n n e l .  t ( p '  <— p a )  is  t h e  
o n - s h e l l  t - m a t r i x  f o r  t h e  c h a n n e l  w h ic h  d e p e n d s  o n ly  u p o n  t h e  s e ts  o f  i n i t i a l  a n d  
f i n a l  r e l a t i v e  m o m e n t a .  E , E '  a r e  t h e  i n i t i a l  a n d  f in a l  e n e r g ie s .
I f  w e  a s s u m e  d d x  is  v e r y  s m a l l  a n d  p 'T is  f ix e d  a t  p x  t h e n
d a ( A '  < -  p 0 )  =  ( - 7r) m d n x p 2x d p x  1 1 d p ' h 8 ( E ’  -  E ) \ t ( p '  < -  p a ) | 2 , ( 3 . 3 . 2 )
Pa «/A'
_  ( 2 t t ) 4m J O  d p x
f  -  E M p '  « -  P t, ) | 2 ,
P a  d E x  J  A
b u t - ^ f e  =  V h i  t h e r e f o r e  
d E a : p x
d a ( A '<—  p a )  =  /  d p ’b S ( E ' -  ^ p „ ) | 2 . ( 3 . 3 . 3 )
Pa
I f  w e  a ls o  a s s u m e  d t l b  is  v e r y  s m a l l  so  i ( p / <— p a ) is  in d e p e n d e n t  o f  d Q , b  t h e n
w 1 -  (JA r ^  L  ( s -3 ‘ >
N o w
S ( E '  -  E )  =  5 { A -  +  E x - E -  W a ) ,  ( 3 . 3 . 5 )
2 m b
w h e r e  E x  is  f ix e d  as  p x  is  f i x e d  a n d  W a  is  t h e  c h a n n e l  t h r e s h o ld ,  th u s
8 { E '  —  E )  —  2 m b 8 { p ' b2  -  2 m b { E  +  W a  -  E x ) )  ( 3 . 3 . 6 )
b u t  p b  =  2 m b ( E  +  W a  —  E x )  so
8 ( E ' - E )  =  2 m b 8 ( p b  — p 2) ,
=  — 5 ( p ' b - p b )
Pb
as  p ' b  is  p o s i t iv e .  T h e r e f o r e
d 3 c r ( p / p a )  _  (2 7 r ) 4 m m b m x p b P x
d Q , b d f l x d E x  p a
Wp '^ P « )| 2- (3.3.7)
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3 . 4  A n  E l a s t i c  B r e a k - u p  E x p r e s s i o n
R e s t a t i n g  E q u a t i o n  ( 3 . 3 . 7 )  i n  t e r m s  o f  w a v e - v e e to r s  f o r  n B e ,  in s e r t in g  f a c t o r s  o f  
%  a n d  r e p la c in g  t ( p '  <—  p a )  w i t h  T 10 f r o m  E q u a t i o n  ( 3 . 2 . 1 4 ) ,  w e  h a v e
=  % 3 m i i m i 0 m n  & io  | T w  |2 , ( 3 . 4 . 1 )
ofJ/qo<zJ£najc/n
(2 7 r )  %  m i i m i o m n k i o k n  . 121+  s m n  .  ^ ,.2
— --------------- i — T T T m .  f iA u io j p P i i {  K n  — K n ) \  ?
K i i ( 2 i r 7 i ) 0  m u
m n 7 7 i i Q 7 7 i n k n k i Q  | i2 ] +  /  m > n  - .  v i2 /0 . 0 \
- l ^ i o l l M — fcu-fe.)!- (3.4.2)
T h e r e f o r e
d < r (k ' < -  k )  =  m u m 1 0 m n  r E *  r  J O  t  u  |2|
' / U (( 47T2f c n ^ 3 J e i  U J i \
w h e r e  E 1 , E 2  =  t h e  e n e r g y  r a n g e  o f  t h e  n e u t r o n
a n d  Q  — — — k n  — k n .
m u
I f  w e  a p p r o x i m a t e  t ^ u i o  b y  t A u i o? t h e  a v e r a g e  v a lu e  o v e r  t h e  w h o le  o f  t h e  m o ­
m e n t u m  s p a c e , w e  c a n  l e t  /  d l l w  —  d i r  as  t A u i o  is  in d e p e n d e n t  o f  1110. A ls o
d E n  =  % 2 k n d k n / m n  so w e  h a v e
( M k f a k )  =  f k n I k n k > k 10( 3 - 4 . 4 )
7rA:ii7t Jfcni
R e w r i t i n g  as  a  f u n c t i o n  o f  I  a n d  A w e  h a v e  
d c r ( k '  k ) /A  m n m i o  f k n 2
r E 2  r  „
/  d E n  /  d fiio A ;n ^ i o | i J4 it io |2 | ^ i i ( Q ) | 25 ( 3 . 4 . 3 )  
Jei a
/'KHZ _  _
70 7 7- /  ^ n ^ 2^ lo |^ A tt lo |2 | $ i i ( Q ) 1 0 '  ( $ Q 5 ^ q ) | 2- ( 3 . 4 . 5 )
<2i  7T /Cn f l  J  k n l
N o w  Q  — — — k n  — k n
mii___________________________
t l iu s  Q  =  E l  +  ( K + l l ) 2 -  2 m " fc" fcl1 c o + ,  ( 3 .4 .6)
m u  mu
d a ( k '  < -  k ) ,  1  w  dr(k '  < -  k ) 1A
f a  = - (  j r >  J ( 3 . 4 . / )
d S l n  (21 +  1 )
/•fcrc 2
/  d k n k n k i o  
Jknl
mnmio
'Kk\\h(2>l -j-1)
x |L„io|2|#!11(0)rsi=_1|+ (^ ,^ )|2. (3.4.8)
N o w  =  S a = - ( I + ( < ? Q !  ^ q ) |2 f o r  a n y  /  so
47T
17
3 . 5  R e s u l t s
T h e  c a lc u la t io n  is  i n t e n d e d  t o  r e p r o d u c e  t h e  r e s u lts  o f  t h e  e x c lu s iv e  e x p e r im e n t  
w i t h  g o ld  as  a  t a r g e t  s in c e  g o ld  a p p r o a c h e s  m o s t  c lo s e ly  t h e  ‘i n f i n i t e l y  h e a v y ’ t a r g e t  
o f  t h e  t h e o r y  g iv e n  i n  3 .2 .  T h e  d i f f e r e n t ia l  c r o s s -s e c t io n  is  c a lc u la t e d  n u m e r i c a l l y  
u s in g  t h e  2 s  m o m e n t u m  w a v e - f u n c t io n  d e r iv e d  f r o m  t h e  s p a t ia l  w a v e - f u n c t io n  g e n ­
e r a t e d  b y  p o t e n t i a l  1 .  F o r  a  r a n g e  o f  n e u t r o n  e n e r g ie s  f r o m  2 6  -  8 0  M e V  t h e  
n u m e r ic a l  q u a d r a t u r e  f o r  a n  s -w a v e  is
r j r r ( V  C—  k 9  /*1.956 ,___________________
— =  0 .0 2 8  /  d k n k 2n V 2 1 5 .5 3 8  -  1 0 & ® |*x „ ao|2 | ^ i i ( < 9 ) l 2 ( f m 2/ s r ) .
(Xu Ufo J 1.116
( 3 . 5 . 1 )
T h e  s -w a v e  d i f f e r e n t ia l  c ro s s -s e c t io n  is  p l o t t e d  i n  F ig u r e  3 .2  w h e r e ,  t o  o b t a in  t h e  
b e s t  a g r e e m e n t  w i t h  t h e  e x p e r im e n t a l  d a t a ,  |+4»tio |2 h a s  b e e n  g iv e n  t h e  v a lu e  0 .1 7 5 1  
M e V 2f m 6 . U s in g  t h is  v a lu e  f o r  |U iu io |2 t h e  d i f f e r e n t ia l  c r o s s -s e c t io n  f o r  a  p - w a v e  is  
c a lc u la t e d  u s in g  t h e  l p i / 2 m o m e n t u m  w a v e - f u n c t io n  d e r iv e d  f r o m  t h e  s p a t ia l  w a v e -  
f u n c t i o n  g e n e r a t e d  b y  p o t e n t i a l  1 .  T h e  r e s u l t in g  l p i / 2 d i f f e r e n t ia l  c ro s s -s e c t io n  is  
a ls o  s h o w n  i n  F ig u r e  3 .2 .
T h e  c a lc u la t io n s  a r e  r e p e a t e d  f o r  t h e  w a v e - f u n c t io n s  o b t a in e d  f r o m  t h e  s e c o n d  
p o t e n t i a l ,  m a i n t a i n i n g  t h e  s a m e  v a lu e  o f  |+ 4u io |2 , a n d  t h e  r e s u l ts  a r e  s h o w n  i n  
F ig u r e  3 .3 .  T h e  r e l a t i v e  p r o p o r t io n s  o f  t h e  s - a n d  p -w a v e s  a r e  n o t  k n o w n  a n d  
f u r t h e r  r e f in e m e n t  r e q u ir e s  a  m o r e  d e t a i l e d  m o d e l .
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H o w e v e r ,  t h e  w o r k  d o n e  o n  t h e  c o r e  e x c i t a t io n  m o d e l  [1 7 ] h a s  p r o d u c e d  a  s u p e r ­
p o s i t io n  o f  2s i / 25 l d 3/ 2 a n d  l d 5/ 2 w a v e s  f o r  t h e  l l _Be n u c le u s  w h ic h ,  i f  s e p a r a t e ly  
c o n v e r t e d  t o  c ro s s -s e c t io n s  u s in g  t h e  s im p le  e la s t ic  m o d e l  a n d  a d d e d  w i t h  t h e  a p ­
p r o p r ia t e  w e ig h t in g s  ( 7 8 . 4 % ,  1 .6 %  a n d  2 0 %  r e s p e c t iv e ly ) ,  g iv e  t h e  r e s u l t  s h o w n  i n  
F ig u r e  3 .4 .
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3 . 6  C o n c l u s i o n s
T h i s  m o d e l  is ,  i n  e f f e c t ,  a  v e r y  s im p le  a p p r o x i m a t i o n  o f  t h e  f u l l  D W B A  m o d e l .  T h e  
c a lc u la t io n  p r o d u c e s  a  g o o d  m a t c h  t o  t h e  s h a p e  o f  t h e  d i f f e r e n t ia l  c r o s s -s e c t io n  b u t  
d o e s  n o t  g iv e  t h e  m a g n i t u d e .  I t  is  n o t  p o s s ib le ,  f r o m  th e s e  r e s u l ts ,  t o  c o m m e n t  
u p o n  t h e  r e l a t i v e  m e r i t s  o f  t h e  p o t e n t ia ls  d e s c r ib e d  in  C h a p t e r  2  b u t  c a lc u la t io n s  
s u g g e s t  t h a t ,  s in c e  p o t e n t i a l  2  p r o d u c e s  a  c a lc u la t io n  o f  t h e  B ( E 1 )  c lo s e r  t o  t h e  
e x p e r im e n t a l  v a lu e ,  i t  o f fe rs  t h e  b e t t e r  b a s is  f o r  t h e  m o d e l .
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C h a p t e r  4
E l a s t i c  B r e a k - u p  -  A  Q u a n t i t a t i v e  
D W B A  M o d e l
T h e  s im p le  m o d e l  i n  C h a p t e r  3  d e m o n s t r a te s  s o m e  a s p e c ts  o f  t h e  b r e a k - u p  m e c h ­
a n is m  b u t  d o e s  n o t ,  f o r  e x a m p le ,  p r o d u c e  d i f f e r e n t ia l  c ro s s -s e c t io n s  o f  a b s o lu t e  
m a g n i t u d e s ,  n o r  p e r m i t  t h e  e ffe c ts  o f  l i g h t e r  t a r g e t s  w i t h  s ig n i f ic a n t  r e c o i l  t o  b e  
m o d e l le d .  A n o t h e r  d is a d v a n t a g e  is  t h a t  i t  d o e s  n o t  a l lo w  t h e  s e p a r a t e  e f fe c ts  o f  
n u c le a r  a n d  C o u lo m b  b r e a k - u p  t o  b e  c a lc u la t e d .  T o  u n d e r s t a n d  t h e  e x p e r im e n t a l  
d a t a  m o r e  q u a n t i t a t i v e l y  i t  is  n e c e s s a r y  t o  in c lu d e  t h e  e ffe c ts  o f  r e c o i l  a n d  t o  r e ­
p la c e  t h e  p la n e  w a v e s  o f  t h e  p a r t ic le s  b y  m o r e  r e a l is t ic  o p t i c a l  m o d e l  s c a t t e r in g  
w a v e - f u n c t io n s .  I n  d e v e lo p in g  t h is  a p p r o a c h  w e  u s e  t h e  p o s t - f o r m  D i s t o r t e d  W a v e  
B o r n  A p p r o x i m a t i o n  ( D W B A )  t o g e t h e r  w i t h  t h e  Z e r o  R a n g e  A p p r o x i m a t i o n .
4 . 1  A p p l i c a t i o n  o f  t h e  Z e r o  R a n g e  A p p r o x i m a ­
t i o n
C o n s id e r  t h e  g e o m e t r y  o f  t h e  t h r e e - b o d y  s y s te m  s h o w n  i n  F ig u r e  4 . 1 .  W e  h a v e  t h e  
f o l lo w in g  v e c t o r  r e la t io n s h ip s ,
T T b b
H-Ax —  R aci 4  1  bx5 (4 *3 ,f-)ma
7 1 %
r A b  =  R a g  - * b x  ( 4 . 1 . 2 )
a n d  R a s - 6 =  m r ^  -  r te }
=  m R Afl +  ^  _  - g r  ( 4 . 1 . 3 )
m„
w h e r e  m  =
mA
?mA +  mx
a r is in g  f r o m  a  p r o je c t i l e  a  i n c id e n t  u p o n  a  t a r g e t  A  a n d  b r e a k in g  u p  i n t o  t w o  
f r a g m e n t s  6 a n d  x .
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I n  t h e  d e r i v a t i o n  i n  S e c t io n  3 !  w e  a s s u m e  a n  i n f i n i t e l y  h e a v y  n u c le u s .  A  c o r r e c t  
f o r m ,  a d o p t in g  o n e  s e t o f  J a c o b ia n  c o - o r d in a te s  (s e e  F ig u r e  4 . 1 ) ,  w o u ld  b e
n r ,owBA =  <  4 )_t(RA.-i)xil(r©ltt(n,)|xS£+/(R^)^(r,,) >,
m m b
=  < A , L ( A R a .  +  ~ l) +  fety)
x  >  • ( 4 . 1 . 4 )
F ig u r e  4 .1 :  G e o m e t r y  o f  T h r e e - b o d y  B r e a k - u p
T h i s  in v o lv e s  t w o  3 - d im e n s io n a l  in t e g r a ls  w i t h  t h e  a s s o c ia te d  t i m e  p e n a l t y  f o r  
n u m e r i c a l  i n t e g r a t i o n .  T o  r e d u c e  t h is  p ro c e s s in g  lo a d  w e  n e e d  t o  s im p l i f y  t h e  
e x p r e s s io n  a n d ,  w h e n  t h e  a  p a r t i c l e  w a v e - f u n c t io n  is  a n  s -w a v e ,  t h is  is  d o n e  u s in g  
t h e  z e r o  r a n g e  a p p r o x i m a t i o n  s in c e  w e  c a n  a r g u e  t h a t
(—) ( ~ t> i / nwrrib \ \ ) /-|-j rthb \
v a r ie s  s lo w ly  w h e n  r b x  is  n e a r  t h e  o r ig in .  T h e  r a n g e  o f  r b x  is  i n  t u r n  r e s t r i c t e d  b y  
t h e  s h o r t  r a n g e  o f  V b x  a n d  t h u s  t h e  z e r o  r a n g e  a p p r o x i m a t i o n  s h o u ld  b e  a  g o o d  
o n e .  W e  m a y  r e p la c e  Vhx(ri,x)(f)a(rbx) w i t h  D 06(rbx) w h e r e
D 0
T h e n ,  as  v b x
tax
r Ab
a n d  K A x - b
— J  d l ^ b x  Y j x  (1'fra:) fea ( ^b x ) • ( 4 . 1 . 5 )
— > 0 ,  w e  c a n  s a y ,  f r o m  E q u a t io n s  ( 4 . 1 . 1 )  — ( 4 . 1 . 3 ) ,
-+ R-Aa -+ R  ( s a y ) ,
-+ R 
—* J?lR,.
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s r DWBA * D° J  (mi) x £ ; m x £ i m  (4 .1 .6 )
I n  t h e  p a r t i a l  w a v e  e x p a n s io n
^ + ) ( R )  =  ( g ^ fcf i  E ( 4 . 1 . 7)  
is  t h e  r a d i a l  w a v e  f u n c t i o n  w h o s e  a s y m p t o t ic  f o r m  is
-  V l Hl\R)}( 4 . 1 . 8 )
a n d  w h ic h  s a t is f ie s  t h e  r a d i a l  p a r t  o f  t h e  S c h r o d in g e r  e q u a t io n  i n  t h e  f o r m
^  _ U{R)_  K» +  l) j yM {R) =  0> (4>1-9)
Substituting in Equation (4.1.4) and integrating over we have
w h e r e
2 2 m , E  T T ( ~r>\ 2 m V ( R )
k  =  ^2 a n d  U ( R )  = ---------^ -------. ( 4 . 1 . 1 0 )
M a k i n g  t h e  p a r t i a l  w a v e  e x p a n s io n s ,  n o t in g  t h a t
xirbR) =  xL+k’(R)
=  (4.1.U)
a n d  d e f in in g  T =  {2whf/2 T]°stDWBA, ( 4 . 1 . 1 2 )
w e  m a y  r e - f o r m u la t e  E q u a t i o n  ( 4 . 1 . 6 )  as
/•co
T  =  D o  d R R 2— —     —  V
J o  m k A a k A , . . h k A : c R J
x et^ +^ ^ yy\R)y\l\R)y\p (4.1.13)
where i\w , =  j  dnRl \ (kAa.R)P,JkAx. R)P,JkAx_i,.R). (4.1.14)
T h u s
PlM, = f t ) 3 / dfi* E  +**(A )y]g*(Ji)^*(7?.)+ift)yHft-i,)^ '(L ,).
4 AaAfcA,
I f  w e  c h o o s e  &,4a t o  b e  a lo n g  t h e  z - a x is  t h e n  o n ly  Aa =  0  g iv e s  a  n o n -z e r o  Y f f ( R )  
so t h a t
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- _ ,"°° d R
T  —  D f°° _    -  y  (47r)S/2^ -+*6+*.(_\*6+/.ei(^ .+»ifc+®-i.)
Jo R  \^m>kA a k A x -b ^ A x  J lalblx 
X !/L+ > ( R ) v L + > ( R h [ + )  ( ™ R )  E  + ( © - ( . ) + ( + )
a6a.
X J <mRiaY°(R)Y^aR)Y,:-’(&)■ ( 4 . 1 . 1 5 )
U s in g  t h e  s t a n d a r d  f o r m u l a  f o r  t h r e e  s p h e r ic a l  h a r m o n ic s  w e  c a n  r e s t a t e  T  as
T  =  E  ( 4 . 1 . 1 6 )
A©
w h e r e
=  j » L  /  t\mtoAaKAx-bteAxJ
X (_)i‘+i-e*'<‘'‘.+‘n6+'n.)c(Z*(M(,0|(,0)
x r f [ y I ( R ) y T ( R) y T ( ™ R )- a 1-17)
A s  w e  a r e  n o w  d e a l in g  w i t h  a  f i n i t e  m a s s  t a r g e t  t h e  f o r m u l a t i o n  f o r  t h e  t r i p l e  
d i f f e r e n t i a l  c ro s s -s e c t io n  is  s l ig h t ly  d i f f e r e n t  a n d  is  d e r iv e d  i n  A p p e n d i x  A  (s e e  
E q u a t i o n  ( A . 2 . 7 ) ) .  R e s t a t i n g  t h is  e q u a t io n  i n  t e r m s  o f  w a v e - v e c to r s  f o r  n B e  a n d  
in s e r t in g  f a c t o r s  o f  %  w e  h a v e
d 3a
? &  A ndfl Ax—bdllAx d-^ A x l^ Aa
P>Aa^ Ax—bftAxkAx-b^ Ax \rf\\2 t a i i o\
~  /n  \ 5* 67, U  I ' ( 4 . 1 . 1 8 )(27r) n, KAa
w h e r e  T  is  d e f in e d  b y  E q u a t i o n  ( 4 . 1 . 1 2 )  a n d  f j , A a  a n d  t ' A x - b  a r e  t h e  r e s p e c t iv e  2 -  
a n d  3 - b o d y  r e d u c e d  m a s s e s .
4 . 2  I n t e g r a t i o n  U s i n g  t h e  V i n c e n t  a n d  F o r t u n e  
M e t h o d
C o n s id e r  E q u a t i o n  ( 4 . 1 . 1 7 )  a n d  / 0° °  ~ y i ( \ R ) y \ ( \ R ) y i ( ^  ( m i? ,)  [ w h ic h  w e  w i l l  d e ­
f in e  as  Z i j b i x \ .  T h i s  c a n  b e  w r i t t e n  as  t h e  s u m  o f  t w o  in t e g r a ls  v i z :  Z i j b [ x  =  I v  + 1 2  
w h e r e
h  =  I *  ( * x )  ( 4 . 2 . 1 )
a n d  I 2  =  f  ^ V l \ R ) i I I I  { f y y i f  ( ™ R )  ■ ( 4 . 2 . 2 )
2 4
T l i e  i n t e g r a l  I 2 i  w h ic h  is  s t r u c t u r a l l y  s im i la r  t o  t h e  p r o d u c t  o f  t h r e e  s in e  w a v e s ,  
w i l l  n o t  c o n v e r g e  s a t is f a c t o r i l y  as  i t  s ta n d s  a n d  i t  is  n e c e s s a ry  t o  u t i l i s e  t h e  V i n c e n t  
a n d  F o r t u n e  [2 8 ] m e t h o d  t o  o b t a in  a  c o n v e r g e n t  in t e g r a l .  I f  w e  s e t  t h e  v a lu e  o f  Rt 
t o  b e  t h e  r a d iu s  e f f e c t iv e ly  o u t s id e  t h e  n u c le a r  p o t e n t i a l ’s in f lu e n c e  w e  c a n  e x p a n d  
t h e  w a v e - f u n c t io n s  i n  t h a t  i n t e g r a n d  u s in g
2/<+ ) ( i ? )  =  -  ( 4 - 2 . 3 )
w h e r e  t ] i a r e  t h e  p a r t i a l  w a v e  s c a t t e r in g  m a t r i x  e le m e n ts .  T h u s  w e  c a n  s t a t e
dR -
= fe  Q
+  Y Y j f ^ S Ix(R)Hlb(™ R W /\ R ), (4-2-4)
w h e r e  j9 , { R )  =  B t \ R )  -  ( 4 . 2 . 5 )
Bt +  iy
0 Rii R
V.
R t - i y
F ig u r e  4 .2 :  T h e  C o m p le x  iY -p la n e
V i n c e n t  a n d  F o r t u n e  s h o w  t h a t  t h e  i n t e g r a l  c o n t a in in g  H [ + \ R )  m a y  b e  o b t a in e d  b y  
i n t e g r a t i n g  a lo n g  t h e  p o s i t iv e  i m a g i n a r y  a x is  f r o m  Rt t o  Rtffiy [see  F ig u r e  4 .2 ]  s in c e  
w h e n  y  t e n d s  t o  o o  t h e  c o n t r i b u t io n  f r o m  t h e  a r c  v a n is h e s . S i m i l a r l y  t h e  i n t e g r a l  
c o n t a in in g  H i f \ R )  m a y  b e  o b t a in e d  b y  i n t e g r a t i n g  a lo n g  t h e  n e g a t iv e  i m a g i n a r y  
a x is .  T h e s e  in t e g r a ls  w i l l  c o n v e r g e  so  lo n g  as  t h e  e x p o n e n t ia l l y  d e c r e a s in g  p a r t  o f  
H i a  c o n t in u e s  t o  d e c r e a s e  w h e n  m u l t i p l i e d  b y  t h e  e x p o n e n t i a l l y  in c r e a s in g  p a r t s  o f  
H i b  a n d  H ( x . T h i s  is  t h e  c a s e  w h e n  k ^ a  >  n i k ^ x - h  +  & a x - H  is  n o t  a  t r i v i a l  m a t t e r  
t o  s h o w  t h a t  t h is  is  a lw a y s  so a n d  a  d e t a i l e d  p r o o f  is  g iv e n  i n  A p p e n d i x  D .
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S u b s t i t u t in g  R t  ±  i y  f o r  R  i n  t l i e  i n t e g r a l  c o n t a in in g  H [ ^ \ R )  a n d  c h a n g in g  t h e  
i n t e g r a t i o n  v a r ia b le  t o  y  w e  h a v e :
o J o  J r i t  ~ ~  W
“  +  +  ( 4 - 2 . 6 )
T h e r e f o r e ,
Z , M ° =  C  l+) (*R)
_ 1  r  4 « _ B  ^  _  i-  -  i y )  
o J o  l i t  —  W
-I T  r +  +  +  « / ) ■ ( 4 . 2 . 7 )
o J o  l i t  ~ r  W
4 . 3  C r o s s - s e c t i o n s  f o r  t h e  x  F r a g m e n t
I t  is  u s u a l ,  w h e n  c a r r y in g  o u t  c r o s s -s e c t io n  c a lc u la t io n s ,  t o  d e r iv e  a  r e q u i r e d  p a r ­
t i c le  d i f f e r e n t i a l  c r o s s -s e c t io n  f r o m  t h e  t r i p l e  d i f f e r e n t ia l  c r o s s -s e c t io n  b y  s u i t a b le  
i n t e g r a t io n s  o v e r  t h e  p a r t i c l e ’s e n e r g y  a n d  t h e  s o l id  a n g le  o f  t h e  u n m e a s u r e d  p a r ­
t i c le .  H o w e v e r ,  i t  c a n  b e  d i f f ic u l t  t o  a c c o m p l is h  i n  p r a c t ic e  i f  l a r g e  n u m b e r s  o f  
p a r t i a l  w a v e s  a r e  r e q u i r e d  f o r  a  c o n v e r g e n t  i n t e g r a l  a n d  so  a  f u r t h e r  a n a l y t i c a l  
s i m p l i f i c a t io n  is  s u g g e s te d . U s in g  T  f r o m  E q u a t i o n  ( 4 . 1 . 1 6 )  w e  e v a lu a t e
m 2 =  e  c ( L - \ j bK m c ( i ' ^ x ' j x m
x  Y y ( h A Y f - \ k A x ) Y y x ’ { k A x . b ) Y t 7 M k A , ^  
x  x W , x v j ’b i ' , -  ( 4 . 3 . 1 )
I f  w e  n o w  i n t e g r a t e  o v e r  a l l  0 ^ - 6 ?  u s in g
J = Shl'bSA,K,
w e  o b t a in ,  f o r  a  n o n -z e r o  r e s u l t ,  f  d i i / R j A T ' J
E  C(I„ - hlaO)C(t- \JbXx\l'a0)
x  Y f r ( k A * ) Y £ * { i ! A x ) X w . X I w l ,  ( 4 . 3 . 2 )
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=  e  c(ix -  K h K \m c(i'x -
X r / - ( L , ) ( - ) ' v® r A' < A , ) x W i ^ w , ,  ( 4 . 3 . 3 )
E  Dx'C^-L.hK\mc(i'x-KhKK0)
I aid® ^ xl'altck
x  G ( l x X J x  -  K \ k G ) C \ l A l ^ \ k 9 - Y p k ( c o S e A x ) X U b l , X l I A .  ( 4 . 3 . 4 )  
N o w  i t  c a n  b e  s h o w n ,  b y  m a n i p u l a t i o n  o f  a  s t a n d a r d  i d e n t i t y ,  t h a t
E ( ~ ) X - C ( l x  -  X x l b X x \ l a 0 ) C ( l  -  X J b X x \l'a O ) C ( l x X J [  -  A ,|fc O ) =
A.
( A W ‘ + V ° - l ’ - V* i J ' a W ( l J J X ; ( 4 . 3 . 5 )
W e  k n o w  t h a t  l a  +  4  +  l x  m u s t  b e  e v e n  ( w i t h i n  X )  a n d  l 'a  - f  l b  +  Y x  m u s t  b e  e v e n  
( w i t h i n X * )  t h e r e f o r e  l a  +  l x  +  l la  +  l 'x  m u s t  b e  e v e n .  T h e  E q u a t i o n  ( 4 . 3 . 5 )  t h e r e f o r e  
f u r t h e r  s im p l ie s  t o
E  (-f'C(lx- XJbXx\la0)G(lx-  i  -  A ,. |& 0 )  =
A.
( - ) ‘ % i w ( l J J X ;  h k ) G ( l a 0 l ' a 0 \ k 0 ) ,  ( 4 . 3 . 6 )
g iv in g
fdnAx.b\f\2 = E  (-)h~Lw(iaiJX\kk)
J l.W Ji *
x  C ( l a 0 l [ 0 \ k 0 ) C ( m ' x 0 \ k 0 ) P k (co 4 . 3 . 7 )
I n t e g r a t i n g  t h e  t r i p l e  d i f f e r e n t ia l  c ro s s -s e c t io n  a t  E q u a t i o n  ( 4 . 1 . 1 8 )  w e  a r r i v e  a t  
t h e  a n g u la r  c ro s s -s e c t io n  f o r  t h e  x  f r a g m e n t :
=  gag.-bPA* tE^ - dE f k k |y|2
d O A x  ( 2 % ) 5 %  k A a  J e a „  J  1 '*1
M  d k A x k \ x k A x _ bf  ( 4 . 3 . 8 )
(2 7 r )  /£ k  A n  I k  A x .  1uA a  & x
w h e r e  E a X i  a n d  E a X 2  a r e  t h e  e n e r g y  l i m i t s  o f  t h e  o b s e r v e d  x  f r a g m e n t s  a n d  k ^ . ,  
a n d  k ^  a r e  t h e  c o r r e s p o n d in g  w a v e  v e c to r s .
f  d Q , A x - b \ T \ 2  h a v in g  b e e n  d e t e r m in e d ,  w e  c a n  c o l le c t  t e r m s  to  f o r m  t h e  f i n a l  e q u a ­
t i o n  f o r  t h e  d i f f e r e n t i a l  c r o s s -s e c t io n :
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_  SPoPAgVAic-b [kA‘* dkA a. „  ( \ h + I * + l U  Jl (J fl f
<mAx rhWAa%\2*yE kAx_b U “ “u  '
X c(/,.w60|/a0)c(;;040|i;0)p,.(coS eAx)zW i z;,ML. (4 .3 .9 )
H o w e v e r ,  t h e  e q u a t io n  d e p e n d s  o n ly  u p o n  0 A x  a n d  th is  is  n o t  a c c u r a t e ly  k n o w n  
f r o m  t h e  a n g u la r  d is t r i b u t i o n  o f  t h e  n e u t r o n  a lo n e  ( 9 X  o r ,  i n  t h e  C M  f r a m e ,  6 0 ) .  
W e  n e e d  t h e  a n g u la r  d is t r i b u t i o n  o f  t h e  10B e  c o r e  a n d  t h a t  h a s  b e e n  lo s t  b y  i n t e ­
g r a t i n g  o v e r  O . A x - b ■ T h e  s o lu t io n ,  f o r  a  h e a v y  t a r g e t  l i k e  g o ld ,  is  t o  m a k e  a  s m a l l  
a p p r o x i m a t i o n .
U s in g  t h e  J a c o b i  c o - o r d in a te s  o f  S e c t io n  4 .1  w e  c a n  s h o w  (s e e  A p p e n d i x  B . 3 )  t h a t
k - A x - b  —  Hb ( 4 . 3 . 1 0 )
a n d  kAx =  q T -j- ( ------^ )
\ m A  +  m x J
q b
=  q *  +  ( ........© ..........) k ^ - 6 ,  ( 4 . 3 . 1 1 )
\ m A  +  m x  J
w h e r e  a n d  q x a r e  t h e  m o m e n t a  o f  t h e  b a n d  x  p a r t ic le s  i n  t h e  C M  f r a m e .  F o r  
a  h e a v y  t a r g e t  t h e  f a c t o r  m ™ ( m x  is  s m a l l  a n d  so w e  m a y  ig n o r e  t h e  kAx-b t e r m  
w i t h o u t  lo s in g  s ig n i f ic a n t  a c c u r a c y .  F o r  e x a m p le ,  w h e n  t h e  t a r g e t  is  g o ld  t h e  v a lu e s  
o f  q x  a n d  — k A x - b  a r e  1 .4 0 0  a n d  0 .0 6 7  f i l l - 1  r e s p e c t iv e ly .  W e  m a y  t h e r e f o r e  
a s s e r t  t h a t
k A x  «  q .r . ( 4 . 3 . 1 2 )
T h i s  a p p r o x i m a t i o n  is  n o t  v a l i d  f o r  l i g h t  t a r g e t s  s in c e  t h e  f a c t o r  b e c o m e s
s ig n i f ic a n t  a n d ,  f o r  t h is  c a s e , a  f u r t h e r  a s s u m p t io n  h a s  t o  b e  m a d e  t h a t  t h e  b a n d  
x  p a r t ic le s  h a v e  m o m e n t a  t h a t  a r e  e s s e n t ia l ly  p a r a l l e l  d u e  t o  t h e  h ig h  p r o je c t i l e  
e n e r g y .  T h i s  a l lo w s  u s  t o  s a y  t h a t
*-Ax
mxqb 
mA +  m*
H'ixl\,Ax—b
( 4 . 3 . 1 3 )
mA +  mx
a n d  h A x  ~  &.-• ( 4 . 3 . 1 4 )
T h i s  e q u a te s  t h e  c a lc u la t e d  c r o s s -s e c t io n  w i t h  w h e r e  Q / x  is  t h e  ^ - p a r t i c l e  s o l id  
a n g le  i n  t h e  C M  f r a m e .  I t  c a n  t h e n  b e  s im p ly  t r a n s f o r m e d  t o  t h e  l a b o r a t o r y  f r a m e .
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4 . 4  A p p l y i n g  t h e  F i n i t e  R a n g e  C o r r e c t i o n
S in c e  i t s  i n i t i a l  f o r m u l a t i o n  b y  T o b o c m a n  i n  1 9 5 4  [2 7 ] t h e  d is t o r t e d  w a v e  t h e o r y  
h a s  b e e n  r e f in e d .  A n  o b v io u s  i m p r o v e m e n t  is  t o  r e la x  t h e  s e v e r e  z e r o  r a n g e  a p ­
p r o x i m a t i o n  b y  u s in g  a  r e a l i s t i c  e x p r e s s io n  f o r  D ( r )  ( =Vbx(rbx) f a(rbx) ) .  B u t t l e  a n d  
G o l d f a r b  [1 1 ] s h o w  t h a t  i f  t h e  H u l t h e n  w a v e  f u n c t io n  is  u s e d  f o r  t h e  a s y m p t o t ic  
f o r m  o f  < f ) a ( ? b x )  t h e n  D ( r )  m a y  b e  a c c u r a t e ly  f o u n d  f r o m  t h e  S c h r o d in g e r  e q u a t io n .  
I d e a l l y  w e  s o lv e  t h e  s ix - d im e n s io n a l  i n t e g r a l  t h a t  c o n ta in s  t h is  D ( r )  b u t  t h is  is  n o t  
a  s im p le  t a s k .  B u t t l e  a n d  G o ld f a r b  t h e r e f o r e  u s e  t h e  p la n e  w a v e  a p p r o x i m a t i o n  
w h e r e  t h e  e ffe c ts  o f  f i n i t e  r a n g e  a r e  f u l l y  c o n t a in e d  in  t h e  f a c t o r  D h ( k )  w h ic h ,  f o r  
a  H u l t h e n  w a v e  f u n c t i o n ,  is  g iv e n  b y
D H ( r )  =  D *  P 2  
H  (27t)M2 +  *25
w h e r e  k  =  |k ,4a — k A x - b  —  k ^ ®  — k ^ l
I f  k  <  j 3  t h e n
B u t t l e  a n d  G o ld f a r b  g o  o n  t o  s h o w  t h a t  i f  t h is  a p p r o x i m a t i o n  f o r  D h ( k )  ( E q u a t i o n
( 4 . 4 . 2 ) )  is  u s e d  i n  t h e  s ix - d im e n s io n a l  i n t e g r a l  w i t h  t h e  d is t o r t e d  w a v e s ,  a n d  w i t h  
i z  c o r r e c t e d  t o  t h e  a p p r o p r i a t e  v a lu e s ,  t h e n  t h e  f i n i t e  r a n g e  c o r r e c t io n  t o  t h e  z e r o  
r a n g e  a p p r o x i m a t i o n  r e q u ir e s  o n ly  a  m u l t ip l i c a t i v e  f u n c t i o n  T ( R )  s u c h  t h a t
T ? ost DWBA w p 0 | d R x H . _ 6 ( A R ) x H . ( R ) r ( R ) x W ( R ) j  ( 4 . 4 . 3 )
w h e r e  T ( R )  =  1 - - + - ( V i „ ( R )  -  ^ . ( R )  -  ^ ( A R )  -  S i ) . ( 4 . 4 . 4 )
E b  — n e u t r o n  b in d in g  e n e r g y
a n d  a  d e r iv e s  f r o m  t h e  b in d in g  e n e r g y .  G iv e n  a ,  S a n to s  [2 2 ] h a s  s h o w n  t h a t  ( 3  c a n  
b e  c a lc u la t e d  as
( 4 . 4 . 1 )
( 4 . 4 . 2 )
1_ Jo°° d rV fa jr)  1
/32 6 /0“ drr2<f>a(r) a2' K ’ ' 1
2
H o w e v e r ,  E q u a t i o n  ( 4 . 4 . 4 )  d o e s  n o t  g iv e  a n  a c c u r a t e  v a lu e  s in c e  is  n o t  v e r y  s m a l l  
( ~  0 .0 6  f o r  t h e  w a v e - f u n c t io n  a s s o c ia te d  w i t h  t h e  e x c i t e d  c o re  m o d e l )  a n d ,  in s id e  
t h e  n u c le u s ,  t h e  v a lu e  o f  ( V a « ( R )  — V a ; e ( R )  — 7 A b ( m R )  —  E b )  is  la r g e  (?a 3 9 ) g iv e n  
t h e  o p t i c a l  p o t e n t ia ls  u s e d  i n  p r a c t ic e  (s e e  S e c t io n  5 . 1 . 1 ) .  T o  t a k e  s o m e  a c c o u n t  
o f  t h e  h ig h e r  o r d e r  t e r m s  o f  T ( R )  w e  u s e  t h e  f o r m u l a t i o n
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r(R) = 1 - a
(32Eb
( V ^ ( m R )  +  V A x ( - R )  -  V A a ( H )  +  E b ) ( 4 . 4 . 6 )
w h i c l i  B a u r  e t  a l [ 5] s h o w  m a y  b e  a  s u i t a b le  a p p r o x i m a t i o n .  I n  t h is  c a s e  t h e  r e s u l t  
is  a  r ( R )  f a i r l y  c lo s e  t o  z e r o  ( «  — 0 .2 5 )  in  t h e  r e g io n  w h e r e  R  is  s m a l l ,  0 - 1 0  f m .  
N e v e r t h e le s s  i t  m u s t  b e  s tr e s s e d  t h a t  t h is  w a y  o f  c o r r e c t in g  f o r  h ig h e r  o r d e r  t e r m s  
h a s  n o t  b e e n  s h o w n  t o  b e  v a l i d  f o r  t h is  c a lc u la t io n .
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C h a p t e r  5
E l a s t i c  B r e a k - u p  -  D W B A  
C a l c u l a t i o n s  a n d  R e s u l t s
5 . 1  G e n e r a l
T h e  p r a c t i c a l  i m p l e m e n t a t i o n  o f  t h e  r e q u i r e d  c a lc u la t io n  g iv e s  r is e  t o  s e v e r a l  t y p e s  
o f  p r o b le m .  T h e y  a r e  g e n e r a l ly  a d d r e s s e d  i n  t h is  c h a p t e r  b u t  A p p e n d i x  C  p r o v id e s  
a  m o r e  d e t a i l e d  e x p l a n a t i o n  o f  t h e  v a r io u s  c o m p u t a t io n a l  d i f f ic u l t ie s .  T h e  e x c lu s iv e  
e x p e r im e n t a l  d a t a  f r o m  t h e  G A N I L  e x p e r im e n t s  h a v e  b e e n  i n t e g r a t e d  t o  g iv e  a  
g u id e  t o  t h e  l i k e ly  t o t a l  c r o s s -s e c t io n .  T h e  s t a t i s t i c a l  a n d  s y s t e m a t ic  e r r o r s  (s e e  
C h a p t e r  3 )  h a v e  b e e n  in c lu d e d  i n  t h e  a p p r o p r i a t e  f a s h io n :  t h e  s t a t i s t i c a l  e r r o r s  
a d d e d  i n  q u a d r a t u r e  a n d  t h e  s y s t e m a t ic  s c a le  e r r o r  a p p l ie d  as  a n  o v e r a l l  f a c t o r .  
T a b l e  5 .1  s u m m a r is e s  t h e  i n f o r m a t i o n .
T a r g e t T o t a l  C r o s s -s e c t io n  
B a r n s
L o w e r  L i m i t  
B a r n s
U p p e r  L i m i t  
B a r n s
G o ld 2 .4 6 5 1 .5 7 8 3 .5 4 9
T i t a n i u m 0 .5 5 5 0 .3 7 6 0 .7 6 8
B e r y l l i u m 0 .2 4 2 0 .1 8 2 0 .3 0 7
T a b l e  5 .1 :  I n t e g r a t i o n  o f  E x p e r i m e n t a l  R e s u l t s
A n  i m p o r t a n t  r e q u i r e m e n t  f o r  a  s u c c e s s fu l D W B A  c a lc u la t io n  u s in g  t h e  z e r o  r a n g e  
a p p r o x i m a t i o n  is  a  g o o d  v a lu e  f o r  t h e  z e r o  r a n g e  c o n s ta n t  ( D o )  (s e e  S e c t io n  4 . 1 ) .  
I n  C h a p t e r  2  t w o  p o t e n t ia ls  a r e  f o u n d  w h ic h  e a c h  g e n e r a t e  t h e  b o u n d  s ta te s  o f  
n B e .  P o t e n t i a l  1 ,  w h e n  u s e d  t o  p r o v id e  t h e  z e r o  r a n g e  c o n s t a n t ,  g iv e s  a  v a lu e  o f  
- 7 7 . 5 2  M e V  f m J  w h i ls t  p o t e n t i a l  2  r e s u l ts  i n  - 6 7 .8 3  M e V  f m l . T h e  c o r e  e x c i t a t io n  
m o d e l  [1 7 ] ,  w h e r e  p r e d ic t io n  o f  t h e  B ( E 1 )  f ig u r e  is  m o r e  a c c u r a t e ,  p r o v id e s  a  D o  o f  
- 5 4 .4 1  M e V  f i m  . A s  t h e  u s e  o f  t h a t  m o d e l ’s z e r o  r a n g e  c o n s t a n t ,  t o g e t h e r  w i t h  i t ’ s 
f i n i t e  r a n g e  c o r r e c t io n ,  r e s u l ts  i n  t h e  b e s t  m a t c h in g  t o  t h e  G A N I L  e x p e r im e n t s ,  
t h e  c a lc u la t io n s  t h a t  f o l lo w  i n  t h is  th e s is  u s e  t h e  e x c i t e d  c o re  m o d e l  e x c e p t  w h e r e  
o t h e r w is e  in d ic a t e d .
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A  m a j o r  d i f f i c u l t y  is  f in d in g  o p t i c a l  p o t e n t ia ls  f o r  t h e  n B e  b r e a k - u p  r e a c t io n  t h a t  
r e f le c t  t h e  h ig h  e n e r g ie s  u s e d  i n  t h e  e x p e r im e n t  ( 4 1  M e V / n t i c l e o n ) .  A  d e c is io n  w a s  
m a d e  t o  u s e  t h e  P e r e y  a n d  P e r e y  [2 0 ] p h e n o m e n o lo g ic a l  o p t i c a l  p o t e n t i a l  f o r  7 2 .2  
M e V  11B  i n c id e n t  u p o n  208P b  as  t h e  o p t ic a l  p o t e n t i a l  f o r  11 B e  o n  197A u .  T h e  s a m e  
p o t e n t i a l  is  u s e d ,  s u i t a b l y  s c a le d  t o  t h e  a p p r o p r i a t e  n u c le a r  r a d iu s ,  f o r  10B e  o n  
197A u .  T h e  B e c c h e t t i  a n d  G r e e n le e s  [6] p o t e n t i a l  is  u s e d  f o r  t h e  4 1  M e V  n e u t r o n s  
i n c id e n t  u p o n  197A u .  F u l l  d e t a i ls  a r e  g iv e n  i n  T a b le  5 .2 .
5 .1 .1  O p t i c a l  P o t e n t i a l s
I n c i d e n t  P a r t i c l e V
M e V
R o
f m
ao
f m
W
M e V
R
f m
a l0
f m
W D
M e V
n B e 4 0 9 .9 1 0 .6 1 2 1 5 9 .9 1 0 .6 1 2 0
10B e 4 0 9 .8 3 0 .6 1 2 1 5 9 .8 3 0 .6 1 2 0
n e u t r o n 3 8 .4 3 6 .8 3 0 .7 5 0 7 .4 6 7 .3 5 0 .5 8 0 0 .3 7 4
T a b l e  5 .2 :  O p t i c a l  P o t e n t ia ls  U s e d  f o r  V a r io u s  In c i d e n t  P a r t ic le s
N o t e :  R 0 a n d  R w a r e  o f  t h e  f o r m  r f e A ^ 3 -f- A ] / 3 )  f o r  n B e  a n d  10B e .
5.1.2 Partial Waves and Radius Requirements 
Classical Turning Point
F o r  b r e a k - u p  c a lc u la t io n s  in v o lv in g  h e a v y  p r o je c t i le s  a n d  t a r g e t s  i t  is  n e c e s s a r y  t o  
i n c lu d e  a  la r g e  n u m b e r  o f  p a r t i a l  w a v e s  t o  g e t  a  c o n v e r g e n t  i n t e g r a l .  C la s s ic a l ly  
t h e r e  is  a  m i n i m u m  s in c e , f o r  a n  in c o m in g  p r o je c t i l e  w i t h  m o m e n t u m  T i k a  a n d  
a n g u l a r  m o m e n t u m  l a  w e  w o u ld  e x p e c t  t h e  p r o je c t i l e  n o t  t o  a p p r o a c h  n e a r e r  t o  t h e  
t a r g e t  t h a n  r  ( =  l a / k a ) .  T h i s  is  t h e  c la s s ic a l  t u r n i n g  p o i n t .  Q u a n t u m  m e c h a n ic a l l y  
t h e r e  is  s o m e  t u n e l l i n g  b u t  t h e  t u r n i n g  p o i n t  s t i l l  h a s  s ig n i f ic a n c e .  I n  C h a p t e r  4  
t h e  V i n c e n t  a n d  F o r t u n e  i n t e g r a t i o n  m e t h o d  is  in t r o d u c e d .  T h e  i m p o r t a n t  f e a t u r e  
t h a t  e n s u re s  c o n v e r g e n c e  is  t h a t  t h e  e x p o n e n t ia l l y  d e c r e a s in g  p a r t  o f  H \ a  c o n t in u e s  
t o  d e c r e a s e  w h e n  m u l t i p l i e d  b y  t h e  e x p o n e n t i a l l y  in c r e a s in g  p a r t s  o f  H \ b  a n d  H i x . 
I t  c a n  b e  s h o w n  t h a t  i f  R t ,  t h e  b r a n c h  p o i n t  o n  t o  t h e  i m a g i n a r y  a x is  i n  F ig u r e  4 . 2 ,  
is  le s s  t h a n  t h e  c la s s ic a l  t u r n i n g  p o i n t  t h e n  t h a t  p a r t  o f  H i a  t h a t  is  e x p e c t e d  t o  
d e c r e a s e  w i l l  i n  f a c t  in c r e a s e  a n d  c o n v e r g e n c e  w i l l  n o t  b e  a c h ie v e d .
I n  t h e  c a s e  o f  a  4 5 1  M e V  11 B e  p r o je c t i l e  o n  g o ld ,  w h e r e  w e  n e e d  t o  h a v e  p a r t i a l  
w a v e s  u p  t o  l a  =  9 0 0 ,  t h is  m e a n s  a  t u r n i n g  p o i n t  o f  a p p r o x i m a t e l y  6 2  f m .  T h e  
m o r e  o n e r o u s  c o n d i t io n  is  f o r  t h e  n e u t r o n  w h e r e  w e  c a n  h a v e  a  w a v e  n u m b e r  o f  
j u s t  o v e r  1 f m - 1  ( e q u a t i n g  w i t h  t h e  lo w e r  e n e r g y  l i m i t  o f  2 6  M e V )  a n d ,  t o  e n s u r e  a  
c o n v e r g in g  r e s u l t ,  a n  a n g u la r  m o m e n t u m  o f  a b o u t  8 0 . T h i s  g iv e s  a  t u r n i n g  p o i n t  
o f  n e a r l y  8 0  f m .  T h i s  s e ts  t h e  lo w e r  l i m i t  f o r  t h e  c a lc u la t io n  o f  t h e  r a d i a l  i n t e g r a l  
o n  t h e  r e a l  a x is .
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W e  a ls o  h a v e  t o  p a y  r e g a r d  t o  t h e  r e q u i r e m e n t s  o f  t h e  N n m e r o v  m e t h o d  o f  d e r iv in g  
t h e  w a v e - f u n c t io n .
Numerov M ethod Constraint
A r is i n g  f r o m  t h e  u s e  o f  t h e  N u m e r o v  m e t h o d  [1 8 ] i t  h a s  b e e n  f o u n d  e m p i r i c a l l y  
t h a t  t h e  v a lu e  o f  t h e  r a d i a l  i n c r e m e n t  u s e d  i n  n u m e r ic a l  i n t e g r a t i o n  s h o u ld  n o t  
b e  g r e a t l y  i n  e x c e s s  o f  0 .3 /A ;  w h e r e  k  is  t h e  w a v e  n u m b e r  o f  t h e  p a r t i c l e .  T h i s  
l i m i t a t i o n  m e a n s  a  r a d i a l  i n c r e m e n t  o f  0 .0 2  f m  f o r  a  4 5 1  M e V  11 B e  p r o je c t i l e .  I f  
w e  a p p l y  t h is  in c r e m e n t  t o  t h e  m o r e  o n e r o u s  t u r n i n g  p o i n t  m i n i m u m  w e  h a v e  a  
t o t a l  n u m b e r  o f  v a lu e s  ( a n d  t h u s  d a t a  s to r a g e  e le m e n t s )  o f  4 0 0 0  o n  t h e  r e a l  r a d i a l  
a x is  f o r  e a c h  p a r t i a l  w a v e  o f  e a c h  p a r t i c l e .
5.1.3 Calculation M ethods
T h e  a s y m p t o t ic  C o u lo m b  w a v e - f u n c t io n s  a r e  c a lc u la t e d  b y  u s in g  C O U L C C ,  a  
c o d e  p r o d u c e d  b y  I . J  T h o m p s o n  a n d  A . R  B a r n e t t [ 2 6 ] .  T h e  r a d i a l  w a v e - f u n c t io n s  
( n u c le a r  a n d  C o u lo m b )  o n  t h e  r e a l  a x is  f o r  e a c h  p a r t i c le  a r e  c a lc u la t e d  u s in g  t h e  
N u m e r o v  m e t h o d  a n d  t h e n  m a t c h e d  t o  a s y m p t o t ic  f o r m s  f r o m  C O U L C C .  T h e  
w a v e - f u n c t io n s  o n  t h e  i m a g i n a r y  a x is ,  u s e d  f o r  t h e  V i n c e n t  a n d  F o r t u n e  i n t e g r a t i o n ,  
a r e  d e r iv e d  w h o l l y  f r o m  C O U L C C .
A s  t h e  f o r m u l a t i o n  i n  C h a p t e r  4  is  b a s e d  o n  a  J a c o b ia n  r e f e r e n c e  f r a m e  (s e e  F i g ­
u r e  4 . 1 )  i t  is  n e c e s s a r y  t o  d e r iv e  t h e  a p p r o p r i a t e  w a v e  n u m b e r s  f o r  t h e  p a r t i c le s .  I n  
t h e  l a b o r a t o r y  f r a m e  t h e  w a v e  n u m b e r  o f  t h e  n e u t r o n  ( k x )  is  c a lc u la t e d  f r o m  t h e  
n e u t r o n  e n e r g y .  G iv e n  t h e  e n e r g y  l i m i t s  o f  t h e  o b s e r v e d  n e u t r o n s  ( 2 6 - 8 0  M e V )  a  
s im p le  c a lc u la t io n  s h o w s  t h a t  k x  v a r ie s  f r o m  1 .1 2 0  -  1 .9 6 5  f m " 1 . T h e s e  v a lu e s  a r e  
t r a n s f o r m e d  t o  t h e  C M  f r a m e  (s e e  A p p e n d i x  B . 2 )  t o  g iv e  q x  r a n g in g  f r o m  1 .0 4 6  
-  1 .8 9 0  f m " 1 . F r o m  t h is  r a n g e  w e  c a n  d e r iv e  s u i t a b le  v a lu e s  f o r  h A x  t o  b e  u s e d  i n  
t h e  c a lc u la t io n s  (s e e  S e c t io n  4 . 3 ) .  W h e n  t h e  c a lc u la t io n  is  c o m p le t e d  a  c o n v e r s io n  
b a c k  t o  t h e  l a b o r a t o r y  f r a m e  is  e f f e c te d  ( u t i l i s i n g  t h e  a s s u m p t io n  t h a t  k A x  =  q x ) .
I t  s h o u ld  b e  n o t e d  t h a t  t h e  s e le c t io n  o f  o n ly  o n e  n e u t r o n  w a v e  n u m b e r  w o u ld  
g iv e  v e r y  d i f f e r e n t  r e s u l ts  d e p e n d in g  u p o n  w h e r e ,  i n  t h e  n e u t r o n  e n e r g y  s p e c t r u m ,  
i t  w a s  s i t u a t e d  a n d  so  t h e  c o d e  is  a r r a n g e d  t o  a lw a y s  u s e  t h e  b e a m  e n e r g y  (4 1  
M e V / n u c l e o n )  f o r  a  s in g le  s e le c t io n  a n d ,  i f  t w o  o r  m o r e  n e u t r o n  e n e r g ie s  a r e  u s e d ,  
o n e  o f  t h e m  is  a lw a y s  f i x e d  a t  t h e  b e a m  e n e r g y .  I n  p r a c t ic e  i t  is  f o u n d  t h a t  m o r e  
t h a n  o n e  o r  t w o  w a v e  n u m b e r s  m a k e  o n ly  s m a l l  d if fe re n c e s  t o  t h e  c a lc u la t io n  a n d ,  
t o  r e d u c e  c a lc u la t io n  t i m e ,  m o s t  o f  t h e  w o r k  is  d o n e  w i t h  o n e  w a v e  n u m b e r  a t  t h e  
b e a m  e n e r g y .  T h i s  p r o v e s  t o  b e  a  s u i t a b le  a p p r o x i m a t i o n  s o le ly  b e c a u s e ,  w i t h  t h e  
b r e a k - u p  o f  a  h a lo  n u c le u s ,  t h e  f o r w a r d  m o m e n t u m  d is t r i b u t i o n  is  v e r y  n a r r o w l y  
d is t r i b u t e d  a b o u t  t h e  b e a m  e n e r g y .
S o m e  g e n e r a l  a s p e c ts  o f  c o n v e r g e n c e  a r e  c o v e r e d  i n  A p p e n d i x  D .
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5 . 2  B r e a k - u p  o n  a  G o l d  T a r g e t
A p p e n d i x  C .2  g iv e s  d e t a i ls  o f  t h e  m e t h o d s  u s e d  t o  r e d u c e  c o m p u t in g  t i m e  t o  
p r a c t i c a l  le v e ls .  T h e  i n i t a l  c a lc u la t io n s  a r e  c a r r ie d  o u t  w i t h  a n g u l a r  m o m e n t a  u p  
t o  m a x i m a  o f  4 8 0 ,  4 0 0  a n d  8 0  ( f o r  t h e  a ,  b  a n d  x  p a r t ic le s  r e s p e c t iv e ly )  i n  t h e  
b e l i e f  t h a t  a  r e s u l t  is  p o s s ib le  w i t h i n  a  r e s o n a b le  t i m e  p r o v id e d  s o m e  p a r t i a l  w a v e s  
c a n  b e  o m i t t e d  f r o m  t h e  i n t e g r a t i o n .  T h e  f i r s t  r e q u i r e m e n t  is  t o  f in d  o u t  h o w  
m u c h  t h e  c a lc u la t io n  c a n  b e  s im p l i f ie d  b y  t h is  m e a n s  a n d  F ig u r e  5 .1  s h o w s  t h e  
r e s u l ts  o b t a in e d .  F o r  e x a m p le ,  b y  u s in g  o n ly  e v e r y  1 0 0 t h  p a r t i a l  w a v e  f o r  t h e  6
p a r t i c l e  ( l b  —  0 , 1 0 0 , 2 0 0 ........)  w e  c a n  see  t h a t  t h e r e  is  v e r y  l i t t l e  d i f f e r e n c e  o v e r  t h e
f i r s t  1 0 °  o f  t h e  c r o s s -s e c t io n  c o m p a r e d  w i t h  u s in g  e v e r y  4 0 t h  o r  e v e r y  2 5 t h  p a r t i a l  
w a v e .  F o r  t h e  h ig h e r  a n g le s ,  u s in g  e v e r y  2 5 t h  p a r t i a l  w a v e  d o e s  n o t  s h o w  a n y  r e a l  
im p r o v e m e n t  o v e r  t h e  s h o r t e r  p r o c e s s in g  t i m e  r e q u i r e d  f o r  u s in g  e v e r y  4 0 t h .
F ig u r e  5 .1 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  E la s t i c  B r e a k - u p  o n  a  G o ld  
T a r g e t  - O m i t t i n g  P a r t i a l  W a v e s
A n  i n s p e c t io n  o f  E q u a t i o n  ( 4 . 3 . 9 )  s h o w s  t h a t  i t  m a y  b e  s im p l i f ie d  t o
— —  =  C o n s t a n t  X A (fc )P fc (c o s  0 A x ) .
d* "Aa? j.
( 5 . 2 . 1 )
w h e r e  C o n s t a n t  =
8 D QfJ,Aa UAx~b
a n d  A { k )  =  r ^ d k A £^
k-"l kA,:-b LWJ'.
x kk)C(laOl'aO\kO)C{lxOl'xO\kO)
x C'(7scOWK«0)C(7(!0760|7'0)i'“+'>-'«-,iZW l Z 1*w ,. (5.2.2)
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T h e  f u n c t i o n  A ( k )  is  a  s m o o t h  f u n c t i o n  o f  k  ( w h e r e  k  is  t h e  L e g e n d r e  p o l y n o m i a l  
i n d e x )  a n d ,  s in c e  t h e  p r o g r a m m e  c o d e  a c t u a l l y  c a lc u la te s  A ( k )  d u r in g  i t s  o p e r a t io n ,  
t h e r e  e x is ts  a  p o s s ib i l i t y  o f  o m i t t i n g  s o m e  v a lu e s  o f  k  i n  t h e  c a lc u la t io n  o f  A ( k )  
a n d  t h e n  r e c o n s t r u c t in g  i t  u s in g  a n  i n t e r p o l a t i o n  r o u t in e .  A p p e n d i x  C . 2 . 2  g iv e s  
m o r e  i n f o r m a t i o n .  F ig u r e  5 .2  s h o w s  t h e  e f fe c t  o f  o m i t t i n g  v a lu e s  o f  t h e  L e g e n d r e  
p o l y n o m i a l  c o e f f ic ie n ts .  U s in g  t h e  2 n d ,  4 t h  o r  6 t h  v a lu e s  s h o w s  g o o d  a g r e e m e n t  
o v e r  t h e  f i r s t  1 0 °  o f  t h e  c r o s s -s e c t io n  b u t  c le a r ly  t h e  o p t i m u m  c h o ic e  is  u s in g  e v e r y  
4 t h  v a lu e  s in c e  i t  s a v e s  t i m e  a n d  d o e s  n o t  s ig n i f ic a n t ly  v a r y  t h e  c r o s s -s e c t io n  u p  
t o  7 0 ° .
F ig u r e  5 .2 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o n  a  G o ld  
T a r g e t  -  O m i t t i n g  L e g e n d r e  C o e f f ic ie n ts
I f  n o  o m is s io n  o f  L e g e n d r e  p o l y n o m i a l  c o e f f ic ie n ts  is  e f f e c te d  a n d  w e  u s e  e v e r y  2 5 t h  
b  p a r t i a l  w a v e  t h e  c a lc u la t io n  ta k e s  2 2  h o u r s  o n  a  S P A R C  1 0  c o m p u t e r .  U s in g  e v e r y  
4 0 t h  b  p a r t i a l  w a v e  a n d  e v e r y  4 t h  L e g e n d r e  c o e f f ic ie n t  r e d u c e s  r u n n i n g  t i m e  t o  4  
h o u r s ,  a  s ig n i f ic a n t  s a v in g  o f  8 2 % .  E v e n  s o , t h e  l a r g e r  n u m b e r  o f  p a r t i a l  w a v e s  
r e q u i r e d  i n  s o m e  c a s es  m e a n s  t h a t  i t  is  m o r e  e f f e c t iv e  t o  r u n  t h e  c o d e  o n  t h e  
R u t h e r f o r d  L a b o r a t o r y  D e c  A l p h a  c o m p u t e r s  w h e r e  t h e  p r o c e s s in g  s p e e d  is  s o m e  
t h r e e  t im e s  f a s t e r  t h a n  t h e  S P A R C  1 0 .
5.2.1 Convergence
T h e  a b o v e  c a lc u la t io n s  a r e  a l l  c a r r ie d  o u t  a t  o n e  n e u t r o n  e n e r g y  o f  4 1  M e V .  I t  
is  c le a r  f r o m  t h e  o u t p u t  s h o w in g  t h e  c o n t r i b u t io n  t o w a r d s  t h e  0 °  d e g r e e  c ro s s -  
s e c t io n  f r o m  t h e  b  a n d  x  p a r t i a l  w a v e s  (s e e  F ig u r e  5 .3  s o l id  l in e  b e lo w )  t h a t  f u l l
1 -c o n v e r g e n c e  is  n o t  b e in g  a c h ie v e d  u s in g  5 - p a r t ic le  p a r t i a l  w a v e s  u p  t o  5 0 0 .  R a is in g  
t h e  n u m b e r  o f  p a r t i a l  w a v e s  f o r  t h e  b  p a r t i c l e  i n  s te p s  o f  1 0 0  t o  8 0 0  s h o w s , f r o m  t h e
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a d d i t i o n a l  c u r v e s  i n  F ig u r e  5 .3 ,  t h a t  8 0 0  g iv e s  a n  a c c e p t a b le  c o n v e r g e n c e .  S o m e  
a d d i t i o n a l  o b s e r v a t io n s  o n  p a r t i a l  w a v e  c o n v e r g e n c e  a r e  m a d e  i n  A p p e n d i x  D . 2 .
F ig u r e  5 .3 :  C o n t r i b u t i o n  t o  t h e  0 °  N e u t r o n  C r o s s -s e c t io n  b y  b  a n d  x  P a r t i a l  W a v e s
F ig u r e  5 .4 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o f  11 B e  o n  a  
G o l d  T a r g e t  -  In c r e a s in g  P a r t i a l  W a v e s
F ig u r e  5 .4  s h o w s  t h e  d i f f e r e n t ia l  c ro s s -s e c t io n s  g e n e r a t e d  b y  u s in g  e v e r y  5 0 t h  b  
X a a r tia l w a v e  u p  t o  5 0 0 ,  6 0 0  a n d  7 0 0 .  ( 8 0 0  is  n o t  d is p la y e d  a s , t o  e n a b le  t h e  
c o d e  t o  r u n ,  o n ly  e v e r y  1 0 0 t h  p a r t i a l  w a v e  m a y  b e  u s e d  w h ic h  g iv e s  a  s l ig h t l y
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d i f f e r e n t  c ro s s -s e c t io n  u n s u i t a b le  f o r  d ir e c t  c o m p a r is o n . )  T h e  t o t a l  c ro s s -s e c t io n s  
a r e ,  r e s p e c t iv e ly ,  2 .2 3 5 ,  2 .4 7 6  a n d  2 .6 4 6  b a r n s .  T h e s e  v a lu e s  a r e  q u i t e  c lo s e  t o  t h e  
m e a n  v a lu e  g iv e n  i n  T a b l e  5 .1 .  I t  c a n  b e  s e e n  t h a t  t h e  e f fe c t  o f  a d d i t i o n a l  p a r t i a l  
w a v e s  o n  t h e  g e n e r a l  s h a p e  is  s m a l l  a n d  t h e r e f o r e ,  f o r  m o s t  o f  t h e  g o ld  t a r g e t  
c a lc u la t io n s ,  t h e  m a x i m u m  v a lu e  f o r  b  p a r t i a l  w a v e s  is  h e ld  a t  4 0 0  t o  s h o r t e n  
c a lc u la t io n  t i m e .  [F o r  a  m a x i m u m  o f  8 0 0  6 p a r t i a l  w a v e s ,  u s in g  e v e r y  5 0 t h  w a v e ,  
a b o u t  8  h o u r s  o f  C R A Y  t i m e  is  n e e d e d ! ]
F ig u r e  5 .5  s h o w s  t h e  n u c le a r  a n d  C o u lo m b  c o m p o n e n ts  o f  t h e  c r o s s -s e c t io n  u s in g  a  
b  p a r t i a l  w a v e  m a x i m u m  o f  4 0 0  a n d  in d ic a t e s  t h a t  t h e r e  is  c o n s id e r a b le  in t e r f e r e n c e  
b e t w e e n  t h e m  i n  t h e  c a lc u la t io n  o f  t h e  c ro s s -s e c t io n  f o r  b o t h  p o t e n t i a l s .  T h e  t o t a l  
c ro s s -s e c t io n s  a r e  n u c le a r  0 .2 3 4  b a r n s ,  C o u lo m b  3 .0 2 3  b a r n s  a n d  t o t a l  1 .6 7 2  b a r n s .
F ig u r e  5 .5 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o f  11 B e  o n  a  
G o l d  T a r g e t  -  N u c l e a r ,  C o u lo m b  a n d  T o t a l
I n  S e c t io n  4 .4  a  f i n i t e  r a n g e  c o r r e c t io n  is  p r o p o s e d  a n d ,  a l t h o u g h  i t  is  s tr e s s e d  
t h a t  t h e  m e t h o d  m a y  n o t  b e  v a l i d  f o r  th e s e  c a lc u la t io n s ,  i t  is  in c lu d e d  t h r o u g h o u t .  
F ig u r e  5 .6  r e p r o d u c e s  t h e  t o t a l  d i f f e r e n t ia l  c r o s s -s e c t io n  c a lc u la t io n  i n  F ig u r e  5 .5  
t o g e t h e r  w i t h  t h e  s a m e  c a lc u la t io n  p e r f o r m e d  w i t h o u t  a  f i n i t e  r a n g e  c o r r e c t io n .  
I n t e g r a t i o n  o f  t h e  t w o  c u r v e s  s h o w s  t h a t  t h e  e f fe c t  o f  t h is  c o r r e c t io n  o n  t h e  d i f ­
f e r e n t i a l  c r o s s -s e c t io n  is  a n  o v e r a l l  in c r e a s e  o f  1 4 .2 % .  I n  S e c t io n  4 .4  i t  is  s h o w n  
t h a t  t h e  c o r r e c t io n  f a c t o r  |T(R)|2 is  lo w  ( ~  0 .0 6 3 )  i n  t h e  r e g io n  w h e r e  R  is  s m a l l  
b u t  t h is  h a s  l i t t l e  e f fe c t  o n  t h e  o v e r a l l  c ro s s -s e c t io n  as  t h e r e  is  l i t t l e  r e a c t io n  i n  
t h is  r e g io n .  T h e  p r o p o s i t io n  t h a t  t h e  m a i n  e f fe c t  a r is e s  a t  t h e  h ig h e r  v a lu e s  f o r  R  
is  s u p p o r t e d  b y  t h e  f a c t  t h a t  h e r e  t h e  c o r r e c t io n  f a c t o r  h a s  a  m a x i m u m  v a lu e  o f  
1 .1 4 2 .  T o  e n s u r e  t h a t  t h is  is  n o t  a  f e a t u r e  o n ly  o f  h e a v y  t a r g e t s ,  s im i la r  c h e c k s  a r e
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I n  f a c t ,  i n  th e s e  c a lc u la t io n s  f o r  n B e ,  t h e  f i n i t e  r a n g e  c o r r e c t io n  is  e f f e c t iv e ly  
a  s im p le  m u l t i p l y i n g  c o n s ta n t  a n d ,  i f  w e  in c lu d e  t h e  z e r o  r a n g e  c o n s t a n t ,  t h is  
m u l t i p l i e r  is
made with calculations using a beryllium target and the proposition confirmed.
T h e  t w o  o t h e r  m o d e ls  c o n s id e r e d  i n  C h a p t e r  2  m a y  t h e r e f o r e  b e  r e p r e s e n t e d  b y  
j u s t  a  d i f f e r e n t  m u l t i p l i e r .  T a b l e  5 .3  s h o w s  t h e  m u l t ip l i e r s  f o r  e a c h  o f  t h e  m o d e ls  
a n d  t h e i r  s iz e  r e l a t i v e  t o  t h a t  f o r  t h e  e x c i t e d  c o r e  m o d e l .
M u l t i p l i e r R e l a t i v e  S iz e
P o t e n t i a l  1 M o d e l 9 7 2 3 2 .8 7 6
P o t e n t i a l  2  M o d e l 5 7 1 0 1 .6 8 9
E x c i t e d  C o r e  M o d e l 3 3 8 1 1 .0 0 0
T a b l e  5 .3 :  C o m p a r is o n  o f  Z e r o  R a n g e  a n d  F i n i t e  R a n g e  M u l t i p l i e r s  f o r  t h e  11 B e  
M o d e ls
F ig u r e  5 .6 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  E la s t i c  B r e a k - u p  o f  11 B e  o n  a  
G o l d  T a r g e t  -  E f f e c t  o f  F i n i t e  R a n g e  C o r r e c t io n
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5 . 3  C a l c u l a t i o n  w i t h  M u l t i p l e  N e u t r o n  W a v e  N u m ­
b e r s
I n  S e c t io n  5 .1 .3  t h e  u s e  o f  o n e  01* t w o  n e u t r o n  e n e r g ie s  f o r  t h e  c a lc u la t io n  is  j u s t i ­
f ie d  o n  t h e  g r o u n d s  o f  a  r e d u c t io n  i n  c a lc u la t io n  t i m e  a n d  t h e r e  b e in g  o n ly  s m a l l  
d if f e r e n c e s  i n  r e s u l ts  c o m p a r e d  w i t h  m a n y  n e u t r o n  e n e r g ie s . H o w e v e r ,  i t  is  c o n s id ­
e r e d  i m p o r t a n t  t o  b e  a b le  t o  d e m o n s t r a t e  t h e  s m a l l  d if fe r e n c e s  a n d  so  a  c a lc u la t io n  
w a s  p e r f o r m e d  w i t h  1 2  n e u t r o n  e n e r g ie s ,  t a k i n g  a n  e q u iv a le n t  o f  8  h o u r s  o f  C R A Y  
t i m e .  T h e  r e s u l ts  a r e  s h o w n  i n  F ig u r e  5 .7  t o g e t h e r  w i t h  t h e  r e s u l ts  f o r  a n  i d e n t i c a l  
c a lc u la t io n  w i t h  o n ly  o n e  n e u t r o n  e n e r g y  ( a t  t h e  b e a m  e n e r g y ) .  I n  c a r r y in g  o u t  t h e  
i n t e g r a t i o n  o v e r  n e u t r o n  e n e r g ie s  t h e  s in g le  n e u t r o n  e n e r g y  c a lc u la t io n  a s s u m e s  a  
t r i a n g u l a r  d is t r i b u t i o n  w i t h  t h e  z e r o  p o in t s  a t  2 6  a n d  5 6  M e V .  F o r  t h e  1 2  n e u t r o n  
e n e r g y  c a lc u la t io n  t h e  f u l l  d is t r i b u t i o n  is  a v a i la b le  f o r  t h e  i n t e g r a t i o n .
F ig u r e  5 .7 :  D i f f e r e n t ia l  C r o s s -s e c t io n s  f o r  D i f f e r in g  N u m b e r s  o f  N e u t r o n  E n e r g ie s
T h i s  c a lc u la t io n  a ls o  p r o v id e s  d a t a  t h a t  p e r m i t s  t h e  p lo t t i n g  o f  t h e  c r o s s -s e c t io n  as  
a  f u n c t i o n  o f  t h e  n e u t r o n  e n e r g y .  F ig u r e  5 .8  d is p la y s  t h e  r e s u l ts  w h ic h  c o n f i r m  t h e  
n a r r o w  d is t r i b u t i o n  o f  t h e  f o r w a r d  m o m e n t u m  -  t h e  h a l f - a m p l i t u d e  w i d t h  o f  t h e  
d i s t r i b u t i o n  is  a b o u t  1 3  M e V .  A t  t h e  t i m e  o f  w r i t i n g  t h e  n e u t r o n  e n e r g y  d is t r i b u ­
t io n s  f o r  t h e  G A N I L  e x p e r im e n t s  h a v e  n o t  b e e n  p u b l is h e d  b u t ,  d u r in g  a  s e m in a r  
a t  S u r r e y  U n i v e r s i t y ,  P r o fe s s o r  P . G .  H a n s e n  s h o w e d  d is t r ib u t io n s  f o r  e a c h  o f  t w o  
g r o u p s  o f  d e t e c to r s ,  0  — 1 .5 °  a n d  2 .4  — 4 . 4 ° .  T h e s e  d is t r ib u t io n s  h a d  h a l f - a m p l i t u d e  
w i d t h s  o f  1 6  a n d  1 3  M e V  r e s p e c t iv e ly .
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F ig u r e  5 .8 :  N e u t r o n  C r o s s -s e c t io n  as  a  F u n c t io n  o f  N e u t r o n  E n e r g y
5 . 4  B r e a k - u p  o n  a  L i g h t  T a r g e t
F ig u r e  5 .9 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o f  n B e  o n  a  
T i t a n i u m  T a r g e t
F o r  l i g h t e r  t a r g e t s  s o m e  c h a n g e s  i n  t h e  o p t i c a l  p o t e n t ia ls  u s e d  m i g h t  s e e m  i n  o r d e r .  
H o w e v e r ,  t h e  o n ly  o t h e r  f ig u r e s  g iv e n  f o r  n B  p r o je c t i le s  i n  P e r e y  a n d  P e r e y  [20 ]
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a r e  f o r  a  12C  t a r g e t  a t  a  v e r y  lo w  e n e r g y  ( 2 8  M e V ) .  C o n s e q u e n t ly  t h e  p o t e n t ia ls  
u s e d  f o r  a  g o ld  t a r g e t  a r e  r e t a in e d  i n i t i a l l y ,  s c a le d  t o  t h e  a p p r o p r i a t e  n u c le a r  r a d i i .  
T h e  b  p a r t i a l  w a v e s  h a v e  a  m a x i m u m  o f  4 0 0  b u t  o n ly  e v e r y  1 0 0 t h  v a lu e  is  u s e d  t o  
r e d u c e  c a lc u la t io n  t i m e .  I n i t i a l  r e s u l ts  f o r  t h e  t a r g e t s  o f  t i t a n i u m  a n d  b e r y l l i u m  
a r e  s h o w n  i n  F ig u r e s  5 .9  a n d  5 .1 0  r e s p e c t iv e ly .  I t  c a n  b e  s e e n  t h a t  t h e r e  is  a  
f o r w a r d  p e a k in g  t h a t  is  n o t  r e f le c t e d  b y  e x p e r im e n t .  I n t u i t i v e l y  o n e  w o u ld  e x p e c t  
t h a t  t h e  n u c le a r  c ro s s -s e c t io n  f o r  t h e  l i g h t e r  t a r g e t s  w o u ld  b e  c lo s e  t o  t h e  t o t a l  
v a lu e  as  t h e  C o u lo m b  e f fe c t  w o u ld  b e  e x p e c t e d  t o  b e  lo w  a n d  t h e  f ig u r e s  d o  in d e e d  
s h o w  n u c le a r  c ro s s -s e c t io n s  c lo s e  t o  e x p e r im e n t a l  v a lu e s .  H o w e v e r  t h e  c o d e  g iv e s  
m u c h  la r g e r  C o u lo m b  c ro s s -s e c t io n s  t h a n  s e e m s  s e n s ib le .
F ig u r e  5 .1 0 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o f  11 B e  o n  a  
B e r y l l i u m  T a r g e t
T h e  t o t a l  c r o s s -s e c t io n  f o r  t h e  t i t a n i u m  t a r g e t  is  1 .0 2 7  b a r n s ,  w e l l  a b o v e  t h e  u p p e r  
l i m i t  o f  0 .7 6 8  g iv e n  i n  T a b l e  5 .1  a l t h o u g h  t h e  in c r e a s e  a p p e a r s  t o  c o m e  f r o m  t h e  
h ig h  f o r w a r d  p e a k  w i t h i n  0  — 1 0 ° .  I n  t h e  c a s e  o f  t h e  b e r y l l i u m  t a r g e t  t h e  t o t a l  
c r o s s -s e c t io n  is  0 .2 3 4  b a r n s ,  v i r t u a l l y  i d e n t i c a l  w i t h  t h e  m e a n  v a lu e  o f  0 .2 4 2  b a m s  
i n  T a b l e  5 .1  b u t  t h is  is  v e r y  m is le a d in g .  T h e r e  is  a  v e r y  s ig n i f ic a n t  in c r e a s e  o v e r  
e x p e r im e n t  i n  t h e  f o r w a r d  a n g le s  w h ic h  is  m a t c h e d  b y  a  d e c r e a s e  o v e r  t h e  r e s t  o f  
t h e  a n g u la r  d is t r i b u t i o n .
I t  w o u ld  s e e m , f r o m  th e s e  r e s u l ts ,  t h a t  t h e  a s s u m p t io n  t h a t  t h e  6 a n d  x  p a r t ic le s  
h a v e  e s s e n t ia l ly  p a r a l l e l  m o m e n t a  a f t e r  b r e a k - u p ,  b r e a k s  d o w n  f o r  C o u lo m b  r e a c ­
t io n s  w i t h  l i g h t e r  t a r g e t s  a n d  t h a t  t h e  c a lc u la t io n  m e t h o d  is  u n s u i t a b le  i n  th e s e  
c a s e s .
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5 . 5  C o n c l u s i o n s
T h e  p a r t i a l  r e c o i l  c a lc u la t io n s  p r o d u c e  a  n e u t r o n  d i f f e r e n t i a l  c r o s s -s e c t io n  f o r  a  
g o ld  t a r g e t  t h a t  is  v e r y  c lo s e  t o  t h e  G A N I L  e x p e r im e n t a l  d a t a .  T h e  e f fe c t  o f  t h e  
f i n i t e  r a n g e  c o r r e c t io n  s u p p o r t s  t h e  v ie w  t h a t  m o s t  o f  t h e  r e a c t io n  t a k e s  p la c e  
o u t s id e  t h e  in f lu e n c e  o f  t h e  n u c le a r  p o t e n t ia ls .
L ig h t e r  t a r g e t s  d o  n o t  f a r e  so  w e l l .  T h e  c a lc u la t io n s  g iv e  h ig h l y  p e a k e d  c ro s s -  
s e c t io n s  a t  t h e  v e r y  h ig h  f o r w a r d  a n g le s  w h ic h  a p p e a r  t o  a r is e  f r o m  a n  in c o r r e c t  
c a lc u la t io n  o f  t h e  C o u lo m b  c ro s s -s e c t io n . T h e  n u c le a r  c o m p o n e n ts  a lo n e  a r e  c lo s e r  
t o  t h e  e x p e r im e n t a l  d a t a .
F u r t h e r  a n a ly s is ,  h o w e v e r ,  s h o u ld  a w a i t  w o r k  011 t h e  in c lu s iv e  c ro s s -s e c t io n s . T h e  
n e x t  s te p  is  t h e r e f o r e  t h e  c a lc u la t io n  o f  a n  in e la s t ic  n e u t r o n  d i f f e r e n t i a l  c ro s s -  
s e c t io n .
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C h a p t e r  6  
I n e l a s t i c  B r e a k - u p
T h e  e x p e r im e n t s  a t  G A N I L  p r o d u c e d  m e a s u r e m e n ts  o f  in c lu s iv e  b r e a k - u p  o f  11 B e  
i n  a d d i t i o n  t o  t h e  e x c lu s iv e  d a t a .  T h e  in c lu s iv e  d i f f e r e n t ia l  c ro s s -s e c t io n  o f  t h e  
n e u t r o n  c a n  b e  c a lc u la t e d  b y  a d d in g  t h e  e la s t ic  c ro s s -s e c t io n  o b t a in e d  i n  C h a p t e r  5  
t o  t h e  i n e la s t ic  c ro s s -s e c t io n  o f  t h e  n e u t r o n ,  t h e  c a lc u la t io n  o f  w h ic h  is  t h e  s u b je c t  
o f  t h is  c h a p t e r .
T h e  in c lu s iv e  e x p e r im e n t a l  d a t a  f r o m  t h e  G A N I L  e x p e r im e n t s  h a v e  b e e n  i n t e g r a t e d  
t o  g iv e  a  g u id e  t o  t h e  l i k e l y  t o t a l  c r o s s -s e c t io n .  T h e  s t a t i s t i c a l  a n d  s y s t e m a t ic  e r r o r s  
h a v e  b e e n  t r e a t e d  i n  t h e  s a m e  w a y  as i n  S e c t io n  5 .1 .  T a b l e  6 .1  s u m m a r is e s  t h e  
i n f o r m a t i o n .
T a r g e t T o t a l  C r o s s -s e c t io n  
B a r n s
L o w e r  L i m i t  
B a r n s
U p p e r  L i m i t  
B a r n s
G o ld 3 .4 8 4 2 .4 5 4 4 .6 8 1
T i t a n i u m 2 .1 2 0 1 .5 9 3 2 .6 9 9
B e r y l l i u m 1 .7 0 5 1 .3 3 4 2 .0 9 0
T a b l e  6 .1 :  I n t e g r a t i o n  o f  E x p e r i m e n t a l  R e s u l t s
6 . 1  T h e o r y
E l a s t i c  b r e a k - u p  a r is e s  w h e n  a  p r o je c t i l e  is  b r o k e n  i n t o  t w o  ( o r  m o r e )  f r a g m e n t s  
a n d  t h e  f r a g m e n t s  p lu s  t h e  t a r g e t  n u c le u s  r e m a in  i n  t h e  g r o u n d  s t a t e .  In e la s t ic  
b r e a k - u p  is  d e f in e d  as  a n y  b r e a k - u p  i n  w h ic h  a  f r a g m e n t ,  o r  t h e  t a r g e t  n u c le u s ,  is  
i n  a n  e x c i t e d  s t a t e .  A n  in c lu s iv e  d i f f e r e n t i a l  c r o s s -s e c t io n  f o r  a  n e u t r o n  f o l lo w in g  
n B e  b r e a k - u p  t h e r e f o r e  c o m p r is e s  b o t h  e la s t ic  a n d  in e la s t ic  b r e a k - u p  o f  t h e  n B e  
i n t o  a  10B e  c o r e  a n d  a  n e u t r o n .  I n  o t h e r  w o r d s  i t  is  t h e  d i f f e r e n t ia l  c ro s s -s e c t io n  
o f  a  n e u t r o n  p r o d u c e d  f r o m  a n y  in t e r a c t i o n  o f  11B e  w i t h  t h e  t a r g e t .  F o r  in e la s t ic  
b r e a k - u p ,  t h e  10B e  c o r e  a n d / o r  t h e  t a r g e t  n u c le u s  m a y  b e  i n  a n  e x c i t e d  s t a t e  o r  
t h e r e  m a y  b e  s o m e  o t h e r  i n t e r a c t i o n  b e t w e e n  t h e  t w o .
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W e  s t a r t  f r o m  A  +  a  —> x  +  c w h e r e  c  d e n o te s  a n y  c h a n n e l  o f  t h e  s u b s y s t e m  
B  =  A  -f- b .  T h e n ,  t h e  T - m a t r i x  f o r  t h e  p ro c e s s  is  g iv e n  b y
T„,.c =  < A c )xU(^)|V'te(rte) | ^ ( R Aa) >, (6.1.1)
w h e r e  H b / b I  =  E b A b I
a n d  H b  is  t h e  H a m i l t o n i a n  o f  t h e  B  s u b s y s te m .
F ig u r e  6 .1 :  G e o m e t r y  o f  T h r e e - b o d y  B r e a k - u p
F ig u r e  6 .1  s h o w s  t h e  g e o m e t r y  o f  t h e  p a r t i c l e  s y s te m . U s in g  D W B A  w e  c a n  r e p la c e  
M l  w i t h  < t > A X k i < t > a  l e a d in g  to
T ™ BA = <  > ■ (6.1.2)
T o  c a lc u la t e  t h e  d i f f e r e n t ia l  c r o s s -s e c t io n  f o r  a l l  c c h a n n e ls  i t  is  n e c e s s a r y  t o  b e  a b le  
t o  e v a lu a t e  £ c \ T ™ B A \2 ,  a n  im p o s s ib le  t a s k ,  t h e r e f o r e  a n  a p p r o x i m a t e  m e t h o d ,  
t h e  t r e a t m e n t  o f  B a u r  a n d  T r a n t m a n  [4 ] ,  is  f o l lo w e d .
T o  o b t a in  a  f o r m u l a t i o n  t h a t  m a y  b e  c a lc u la t e d  w i t h  n o  m o r e  e f f o r t  t h a n  a n  e la s t ic  
c r o s s -s e c t io n  t h e  s u r fa c e  a p p r o x i m a t i o n  m a y  b e  u s e d . L e t  t h e  w a v e - f u n c t io n  f o r  
t h e  B  s y s te m  t h e n ,  in t e g r a t i n g  o v e r  t h e  t a r g e t  w a v e -
f u n c t io n s  w e  g e t
J dtA Ml'MU) = 6(R^-6). ( 6 . 1 . 3 )
T h i s  e n a b le s  u s  t o  r e s t a t e  t h e  T - m a t r i x  as
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T ™ BA = <  x t y l(R ^ -6 )x i/(rA,)|tt(rfa)|x<+)(RAa)^ (r te) >, (6.1.4)
w l i i c h  is  n e a r ly  i d e n t i c a l  t o  t h e  f o r m u l a t i o n  u s e d  f o r  t h e  e la s t ic  b r e a k - u p  T - m a t r i x ,  
E q u a t i o n  ( 4 . 1 . 4 ) .
W e  n o w  m a k e  a  p a r t i a l  w a v e  e x p a n s io n  o f  t h e  B  s y s te m  w a v e - f u n c t io n .
x t y / R ^ )  =  . 1 — £ / > ( - ) ‘v <
@-Khyk\t_bRM  k
x y t \ R A * - b ) P h ( k cA * - < , - R A * - b ) ,  (6.1.5)
=   r — —------ y'i'»(-)'»ei«.
(2-K%)*kcAiC_bRAx- b hXb
X v V J R ^ ) Y h ^ ( F , - b ) V b X f l cA x _ b ) .  (6.1.6)
T h e  s t a r t i n g  p o i n t  is  t h e  f o r m  o f  t h e  r a d i a l  w a v e - f u n c t io n  ( 1 ( R - A x - b ))■  A s  t h e  
m a i n  c o n t r i b u t io n  f o r  t h e  D W B A  i n t e g r a l  c o m e s  f r o m  t h e  r e g io n  a t ,  a n d  o u t s id e ,  
t h e  s u r fa c e ,  ( R . A x - b  >  R o )? w h e r e  R o  d e n o te s  t h e  r a n g e  o f  t h e  n u c le a r  p o t e n t i a l ,  
w e  c a n  e x p r e s s  t h e  r a d i a l  w a v e - f u n c t io n  y ( b ^  e n t i r e ly  i n  t e r m s  o f  t h e  s c a t t e r in g  
m a t r i x  e le m e n t  S i b i c  w h ic h  c o n n e c ts  t h e  e la s t ic  c h a n n e l ,  d e n o t e d  b y  l b ,  a n d  t h e  
in e la s t ic  c h a n n e l  l c  th u s :
y$\RA*-b) = ShhFh(kM R Ax_b) +  f o t y u T ' ’ )
\ m A x ~ b ^ A x - b  j
X |(SW. -  8hh)H £ \k ‘Ax_bRAx_ X  (6.1.7)
( R j i x - b  >  R o )
t h e  C o u lo m b  f u n c t io n s  b e in g  d e n o t e d  b y  F i b  a n d  r e s p e c t iv e ly .  T h i s  m a y  b e  
m a d e  p la i n e r  f o r  t h e  m o m e n t  b y  s e p a r a t in g  t h e  e la s t ic  a n d  in e la s t ic  v e r s io n s .  S in c e
t h e r e  is  n o  c h a n g e  o f  m a s s  f o r  t h e  b  p a r t i c l e  r n cA x _ b  =  r r i A x - b  a n d  w e  c a n  c a n c e l  t h e
t e r m s .
Elastic
y i ^ \ R A x - b )  —  F l b ( k A x - b R A x - b )  +  - ( S l b { e l a s t i c )  ~  1 ) H ^ \ k A x - b R A x - b )  • ( 6 . 1 . 8 )
Inelastic
y t \ R Ax-b) = ^ S ^ „ da,lic))Hig(kY.-bRAx-A  (6.1.9)
W e  m a y  n o w  r e a r r a n g e  t h e  e la s t ic  e x p r e s s io n  t o  o b t a in  a  v a lu e  f o r  ( k A X - b R A x - b )  
t o  g iv e  [ r e m e m b e r in g  t h a t  t h is  is  f o r  R A x - b  A  R o ]
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H £\kM RAx- b) =  — 2a—  ^  ■ (e-1-10)
\3lb(elcistic) 1 J
U s in g  t f / + )  «  e < ( * r + n l o g 2 f c r - $ + < r , ) > ( 6 . 1 . 1 1 )
w e  c a n  e x p re s s  i n  t e r m s  o f  i j / / 1 b y :
H T {k cAx_bRA*-b) =  eia‘^ RA^ H ^ \ k Ax. bRAx. b), (6.1.12)
w h e r e  a i j b { R A x - b )  —  ( k A x _ b  -  k A x _ b ) R A x _ b  +  n lo g  ( ] R A x - b
\ E A x ~ b  J
-  ( l c - k ) n / 2  +  ( < r i c - ( r i b )  ( 6 . 1 . 1 3 )
a n d  n  =  S o m m e r f e ld  p a r a m e t e r .
S u b s t i t u t in g  f o r  i n  E q u a t i o n  ( 6 . 1 . 9 )  w e  c a n  n o w  s a y
aJ\Ra*-<,) =  (frj ( g f ^ ° ) - i  [,,<+> ( i ^ )  -
( 6 . 1 . 1 4 )
w h e r e  y j ( ^  h a s  t h e  s a m e  s ig n if ic a n c e  as w h e n  i t  is  u s e d  i n  E q u a t i o n  ( 4 . 1 . 1 3 ) .
W e  w i l l  n o w  a r b i t r a r i l y  e x t e n d  t h e  v a l i d i t y  o f  t h e  r a d i a l  w a v e - f u n c t io n  e x p r e s s io n  
i n t o  t h e  i n t e r i o r  r e g io n  ( R A x - b  <  R o ) -  S in c e  t h is  r e g io n  c o n t r ib u t e s  o n ly  v e r y  l i t t l e  
t o  t h e  D W B A  i n t e g r a l  t h is  is  n o t  e x p e c t e d  t o  b e  a  s e r io u s ly  in a c c u r a t e  a p p r o x i m a ­
t i o n .  A d d i t i o n a l l y  w e  w i l l  a p p ly  t h e  z e r o  r a n g e  a p p r o x i m a t i o n  (s e e  S e c t io n  4 . 1 ) .  
W e  h a v e
w h e r e
T a v  o =  D a  f  d R  ( l + Q  (  g  -------------+ ---------------
I  y ^ A a - b J  W W t - 1 /  ( 2 i r % ) 2 kAx_bmR
X E  i!t(-),|'ei% e " ‘>'H> [yt+)
b^^b
-  F l b  ( k A x - b f h R ) ]  Y h X b ( R ) Y , \ ( t A x _ b )
x x W W x i4 (R)), (6.1.15)
mA
m  =  --------
mA +  mx
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*Ax—b \ I ’~>ld
and
k&  \ 2 /  Sh, \ 47T
\ k CA x - b  j  \ S l b l b  —  ! /  (2 7 T ^ )a  k cA x _ b m R
x £  i h ^ y - e ^ e ^ ^  [j/ty ( V A f i )
hM
-  F ik \ U m U M * - ! , )
r e p la c e s  yjf~/_t(mR) i n  E q u a t i o n  (4.1.6).
W e  n o w  u s e  t h is  T - m a t r i x  e le m e n t  i n  t h e  s a m e  w a y  as  t h a t  u s e d  f o r  t h e  e la s t ic  
s c a t t e r in g .  A t  t h is  p o i n t  i t  m ig h t  b e  h e lp f u l  t o  r e c a l l  t h e  f i n a l  e la s t ic  D W B A  r e s u l t ,  
E q u a t i o n  (4.3.9),
f f j  _  S D l P A a V A x - b  [ k A x *  d k A x  ^  ( _ \ l b + L + l L f  ] /  ( j  ] '  t M J a + L - l ' a - l i c
A O  -'273 +4/0 \ 2  h  h  ' J  ' ' a  a \  x  x  b )
a U A x  t h  k A a h  (2 7 r )  J k A x i  k A x - b
x e^ -P A ^ -^ O w q jJ J U lb k ^ L O l'A ^ C ilA iO lk O )  
x C(I.0WU.0)C(P.0W|P.0)ft(co8fljU)2Wll.2?.(llt. (6.1.16)
T h e  Zijjj .  i n  th is  e q u a t io n  is  m o d i f ie d  b y  r e p la c in g  j  w i t h
1
I  k A x - b  \  " S l b l c
l^Ax— b j ^Ibh
i k _ e » w t W  [„<+> ( m i j )  _  i? ,6 (.  ( 6 . 1 . 1 7 )
I d e a l l y ,  w e  d o  n o t  w a n t  t o  h a v e  t o  a t t e m p t  t o  c a lc u la t e  onijb(R) f o r  a l l  t h e  c c h a n n e ls  
i n d i v i d u a l l y .  I t  w o u ld  s im p l i f y  m a t t e r s  i f  e a i c l f R ^ c o u ld  b e  s e t t o  u n i t y  ( w h e r e  
a ' l b l c ( R )  is  t h e  R - d e p e n d e n t  p a r t  o f  o t [ b i c ( R ) ) .  T h i s  is  p o s s ib le  w h e n  k A x _ b  —  k A x - b  ~  
0 .  T h i s  a p p r o x i m a t i o n ,  t h a t  t h e  i n e la s t ic  c h a n n e l  d o e s  n o t  s ig n i f i c a n t ly  a l t e r  t h e  
e n e r g y  o f  t h e  b  p a r t i c l e  ( d i s t r i b u t e d  c lo s e ly  a b o u t  4 1 0  M e V )  is  r e a s o n a b le  s in c e  
i n e la s t ic  c h a n g e s  w o u ld  o n ly  b e  o f  t h e  o r d e r  o f  a  f e w  M e V .
N o w  w i t h  t h e  u n i t a r i t y  o f  t h e  S - m a t r i x  w e  m a y  p e r f o r m  t h e  s u m  o v e r  a l l  l c  f  l b  t o  
o b t a in  =  1 -  |S W J 2 .
I f  Z  =  ™ v £ \ R ) V i ? \ R )  K +)(*R ) -  F h ( k A ^ bm R ) }  ,
a l l  w e  n e e d  t o  d o  is  r e p la c e  Z i a i b i x Z p M  b y
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6 . 2  C a l c u l a t i o n s
T h e  c a lc u la t io n s  f o r  t h e  in e la s t ic  c r o s s -s e c t io n  h a v e  a  f o r m  w h ic h  m a t c h e s  c lo s e ly  
th o s e  f o r  t h e  e la s t ic  b r e a k - u p .  T h e  f i r s t  c h a n g e  is  t h e  s u b t r a c t io n ,  f r o m  t h e  w a v e -  
f i m c t i o n  f o r  t h e  b  p a r t i c l e ,  o f  t h e  a s y m p t o t ic  r e g u la r  C o u lo m b  f u n c t i o n .  T h e  o t h e r  
is  t h e  o v e r a l l  m u l t i p l i c a t i o n  b y  t h e  S - m a t r i x  f u n c t io n  ^  ^ © 2  •
In e l a s t ic  c a lc u la t io n s  f o r  11 B e  i n c id e n t  u p o n  a  g o ld  t a r g e t  u s in g  t h e  s a m e  o p t i c a l  
p o t e n t i a l s  as w e r e  u s e d  f o r  e la s t ic  b r e a k - u p  a n d  in c lu d in g  p a r t i a l  w a v e s  f o r  a n g u la r  
m o m e n t a  u p  t o  m a x i m a  o f  3 0 0 ,  2 2 5  a n d  7 5  ( f o r  t h e  a ,  b  a n d  x  p a r t i c le s  r e s p e c t iv e ly )  
p r o d u c e ,  as  a  b y - p r o d u c t ,  t h e  S - m a t r i x  f u n c t io n .  T h is  is  s h o w n  i n  F ig u r e  6 .2
F ig u r e  6 .2 :  S h a p e  o f  S - m a t r i x  F u n c t io n  f o r  a  G o ld  T a r g e t
I t  m a y  b e  s e e n  f r o m  t h is  f u n c t i o n  t h a t ,  w h a t e v e r  t h e  e f fe c t  o f  t h e  o t h e r  t e r m s  i n  t h e  
c r o s s -s e c t io n ,  t h e r e  is  l i t t l e  c o n t r i b u t io n  a f t e r  2 2 5  p a r t i a l  w a v e s  o f  t h e  10B e  c o r e .  
T h i s  c o r r e s p o n d s  t o  a n  i m p a c t  p a r a m e t e r  o f  1 7 .5  f m  u s in g  t h e  C o u lo m b  f o r m u l a
6 = n +  ( 0 + " 0  (6.2.1) 
Aj
w h e r e  n  is  t h e  S o m m e r f e ld  p a r a m e t e r .  T h i s  v a lu e  s h o u ld  b e  c o m p a r e d  w i t h  t h e  
g r a z in g  im p a c t  p a r a m e t e r  o f  a p p r o x i m a t e l y  8  f m  f o r  10B e  o n  197A u .  O n e  m i g h t  e x ­
p e c t  t h a t  t h e  s h a r p  p e a k  a t  a n  a n g u la r  m o m e n t u m  o f  1 7 5  w o u ld  i n d i c a t e  t h e  p o i n t  
o f  m a x i m u m  c o n t r i b u t io n  f r o m  t h e  10B e  c o re  b u t  i t  c a n  b e  s e e n  f r o m  F ig u r e  6 .3  
t h a t  t h is  o c c u rs  a t  a n  a n g u la r  m o m e n t u m  o f  1 2 5 ,  o r  a n  im p a c t  p a r a m e t e r  o f  1 0  
f m ,  a n d  c o n f ir m s  t h e  v ie w  t h a t  t h e  m a j o r  c o n t r i b u t io n  c o m e s  f r o m  t h e  s u r fa c e  
r e g io n .  F ig u r e  6 .3  s h o w s  t h e  e f fe c t  o f  t h e  S - m a t r i x  f u n c t io n  as  d e p r e s s in g  t h e  p e a k  
v a lu e  a n d  r a is in g  a  l i t t l e  t h e  h ig h e r  I  c o n t r ib u t io n s  w i t h o u t  d r a s t i c a l l y  c h a n g in g
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t h e  g e n e r a l  t r e n d .  I t  a ls o  c le a r ly  s h o w s  t h a t  w e  h a v e  a  g o o d  c o n v e r g e n c e  f o r  t h e  
10B e  a n g u la r  m o m e n t u m  a n d  a n  a c c e p t a b le  c o n v e rg e n c e  f o r  t h e  n e u t r o n .
F ig u r e  6 .3 :  C o n t r i b u t i o n  t o  t h e  0 °  N e u t r o n  C r o s s -s e c t io n  b y  b  a n d  x  P a r t i a l  W a v e s  
-  s h o w in g  e f fe c t  o f  S - m a t r i x  F u n c t io n
F ig u r e  6 .4  s h o w s , f o r  a  n B e  p r o je c t i l e  o n  a  g o ld  t a r g e t ,  t w o  n e u t r o n  i n e la s t ic  d i f f e r ­
e n t i a l  c ro s s -s e c t io n s  w h ic h  r e s u l t  f r o m  c a lc u la t io n s  in c lu d in g  ( a )  n u c le a r  p o t e n t ia ls
49
o n ly  a n d  ( b )  b o t h  n u c le a r  a n d  C o u lo m b  p o t e n t ia ls .  T h i s  in d ic a t e s  t h a t  t h e  e f fe c t  o f  
i n c lu d in g  t h e  C o u lo m b  p o t e n t i a l  is  t o  r e d u c e  t h e  c ro s s -s e c t io n  s l ig h t ly .  W e  w o u ld  
e x p e c t  a  c a lc u la t io n  in c lu d in g  o n ly  t h e  C o u lo m b  p o t e n t i a l  t o  g iv e  a  z e r o  c ro s s -  
s e c t io n  b e c a u s e  t h e  c a lc u la t io n  t r e a t s  a l l  C o u lo m b  e f fe c ts  as  a r is in g  f r o m  p o i n t  
s o u rc e s  a t  a l l  r a d i i .  T h i s  m e a n s  t h a t ,  w h e n  o n ly  C o u lo m b  fo r c e s  a r e  in v o lv e d ,  
i n e la s t ic  s c a t t e r in g  c a n  n o t  t a k e  p la c e .  A  C o u lo m b - o n ly  c a lc u la t io n  d o e s , i n  f a c t ,  
g iv e  a  v e r y  lo w  c r o s s -s e c t io n  s o m e  1 2  o r d e r s  o f  m a g n i t u d e  lo w e r  t h a n  t h e  v a lu e s  
s h o w n  i n  F ig u r e  6 .4 .  T h i s  r e s u l t  d if fe r s  f r o m  z e r o  o n ly  as a  r e s u l t  o f  im p e r f e c t io n s  
i n  t h e  c o m p u t a t io n .
F ig u r e  6 .5  s h o w s  t h e  e la s t ic  a n d  in e la s t ic  c ro s s -s e c t io n s  a n d  t h e i r  s u m m a t io n  t o  
g iv e  t h e  in c lu s iv e  r e s u l ts .  I t  m a y  b e  s e e n  t h a t  i t  a g re e s  w i t h  e x p e r im e n t  f a i r l y  
w e l l  e x c e p t  a t  v e r y  f o r w a r d  a n g le s .  If w e  s u m  t h e  in e la s t ic  a n d  e la s t ic  t o t a l  c ro s s -  
s e c t io n s  w e  h a v e  a  t o t a l  in c lu s iv e  c r o s s -s e c t io n  o f  3 .6 7 7  b a r n s ,  j u s t  a b o v e  t h e  t o t a l  
c r o s s -s e c t io n  f ig u r e  g iv e n  i n  T a b l e  6 .1 .
6 . 3  L i g h t  T a r g e t s
W h i l s t ,  f o r  l i g h t  t a r g e t s ,  t h e  e la s t ic  c a lc u la t io n  d o e s  n o t  p r o v id e  a  g o o d  m a t c h  
w i t h  e x p e r im e n t  o v e r  t h e  r a n g e  0 — 1 0 °  a n  in e la s t ic  c a lc u la t io n  h a s  b e e n  c a r r ie d  o u t  
f o r  b o t h  t i t a n i u m  a n d  b e r y l l i u m  t a r g e t s ,  u s in g  t h e  s a m e  n u m b e r  o f  p a r t i a l  w a v e s  
as  f o r  g o ld ,  a n d  in c lu s iv e  c ro s s -s e c t io n s  o b t a in e d .  F ig u r e s  6 .6  a n d  6 .7  s h o w  t h e  
r e s p e c t iv e  r e s u l ts .
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F ig u r e  6 .6 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  In c lu s iv e  B r e a k - u p  o n  a  T i t a n i u m  
T a r g e t
F ig u r e  6 .7 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  In c lu s iv e  B r e a k - u p  o n  a  B e r y l ­
l i u m  T a r g e t
6 . 4  C o n c l u s i o n s
T h e  s u r fa c e  a p p r o x i m a t i o n  w o r k s  v e r y  w e l l  f o r  h e a v y  t a r g e t s  l i k e  g o ld  a n d  t h e  
c a lc u la t io n  p r o d u c e s  a  v e r y  g o o d  m a t c h  t o  t h e  G A N I L  e x p e r im e n t a l  d a t a  e x c e p t
51
i n  t h e  0  — 5 °  a n g le  r a n g e  w h e r e  a  s l ig h t ly  h ig h e r  c ro s s -s e c t io n  is  p r o d u c e d .  F o r  
t h e  l i g h t e r  t a r g e t s  t h e  t r e n d  is  s i m i l a r  t o  t h e  e la s t ic  b r e a k - u p  c a lc u la t io n  i n  t h a t  
a n  e x c e s s iv e ly  h ig h  c ro s s -s e c t io n  is  p r e d ic t e d  f o r  t h e  v e r y  f o r w a r d  a n g le s  a l t h o u g h  
t h e  e x c e s s  is  n o t  so m a r k e d  as i n  t h e  e la s t ic  c a s e . H o w e v e r ,  w h e r e a s  f o r  t h e  e la s t ic  
c ro s s -s e c t io n s  w e  f in d  t h a t  t h e  C o u lo m b  p o t e n t i a l  a p p e a r s  t o  a c c o u n t  f o r  t h e  h ig h  
f o r w a r d  p e a k in g ,  f o r  in e la s t ic  b r e a k - u p  o n  a  g o ld  t a r g e t  i t  o n ly  h a s  a  s m a l l  o v e r a l l  
e f f e c t .
T o  e n s u r e  t h a t  t h is  is  a ls o  t r u e  f o r  t h e  l i g h t e r  t a r g e t s ,  in e la s t ic  c a lc u la t io n s  a r e  
m a d e ,  u s in g  o n ly  t h e  n u c le a r  p o t e n t i a l s ,  f o r  b o t h  t a r g e t s  o f  t i t a n i u m  a n d  b e r y l l iu m .  
F ig u r e  6 .8  s h o w s  t h e  r e s u l t  f o r  t h e  b e r y l l i u m  t a r g e t ,  w h ic h  h a s  t h e  h ig h e r  f o r w a r d  
p e a k in g ,  a n d  c o n f ir m s  t h e  m i n o r  e f fe c t  o f  in c lu d in g  t h e  C o u lo m b  p o t e n t i a l .
F ig u r e  6 .8 :  N e u t r o n  D i f f e r e n t i a l  C r o s s -s e c t io n  f o r  In e la s t ic  B r e a k - u p  o n  a  B e r y l l i u m  
T a r g e t
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C h a p t e r  7  
C a l c u l a t i o n  I n c l u d i n g  F u l l  R e c o i l  
E f f e c t s
I n  C h a p t e r s  5  a n d  6  w e  s h o w  t h a t  t h e  c a lc u la t io n  m e t h o d  u s e d ,  c o n t a in in g  o n ly  
p a r t i a l  r e c o i l  e f fe c ts ,  is  u n s a t is f a c t o r y  w h e n  l i g h t  t a r g e t s  a r e  u s e d .  T h e  s im p l i f i ­
c a t io n ,  i n t r o d u c e d  i n  S e c t io n  4 .3 ,  r e q u ir e s  l i g h t  t a r g e t  c a lc u la t io n s  t o  a s s u m e  t h a t  
t h e  b  a n d  x  p a r t ic le s  h a v e  e s s e n t ia l ly  p a r a l l e l  m o m e n t a .  I f  w e  a r e  t o  a v o id  t h is  
a s s u m p t io n ,  a n d  t h u s  p o s s ib ly  t h e  l i g h t  t a r g e t  in a c c u r a c ie s ,  w e  h a v e  t o  s t a r t  f r o m  
t h e  t r i p l e  d i f f e r e n t ia l  c ro s s -s e c t io n  f o r m u l a t i o n  (s e e  E q u a t i o n  ( 4 . 1 . 1 8 ) )  d e r iv e d  i n  
S e c t io n  4 .1 .
7 . 1  P r o c e d u r e
T h e  p r o c e d u r e  t o  b e  f o l lo w e d ,  w h ic h  w e  s h a l l  d e s ig n a te  t h e  f u l l  r e c o i l  m e t h o d ,  is  
t o  d e r iv e  t h e  x  p a r t i c l e  d i f f e r e n t i a l  c ro s s -s e c t io n  b y  s u i t a b le  in t e g r a t i o n s  o v e r  t h e  
p a r t i c l e  e n e r g y  a n d  t h e  s o l id  a n g le  o f  t h e  6  p a r t i c le .
T h e  p r i m a r y  c a lc u la t io n  g iv e s  t h e  t r i p l e  d i f f e r e n t i a l  c ro s s -s e c t io n  i n  t h e  C M  f r a m e  
a n d  w e  n e e d  t o  c o n v e r t  t h is  t o  t h e  l a b o r a t o r y  f r a m e .  T h i s  is  a c c o m p l is h e d  f o r  e a c h  
o f  a  s e le c te d  r a n g e  o f  x  p a r t i c l e  w a v e  n u m b e r s  i n  t h e  e x p e r im e n t a l  e n e r g y  r a n g e  
o f  2 6 - 8 0  M e V  ( t h e  f o l lo w in g  c a lc u la t io n s  u s e  5  w a v e  n u m b e r s ) .  F o r  e a c h  x  p a r t i c l e  
e n e r g y  w e  c a lc u la t e  t h e  b  p a r t i c l e  w a v e  n u m b e r  (s e e  A p p e n d i x  A ) .  T h e  r a n g e  
f o r  t h e  a n g le  o f  t h e  x  p a r t i c l e  m o m e n t u m  i n  t h e  l a b o r a t o r y  ( 0 )  is  g iv e n  b y  t h e  
e x p e r im e n t  ( 0 - 7 0 ° )  w h i le  <f>x  is  d e f in e d  as  0 ° .  9 X  is  v a r ie d  i n  1 °  in c r e m e n t s  w h i l s t  6 b  
a n d  4 > b  a r e  v a r ie d  f r o m  0 - 1 8 0 °  a n d  0 - 3 6 0 °  r e s p e c t iv e ly  w i t h  t h e  v a lu e  o f  t h e  a n g u la r  
i n c r e m e n t s ,  s p e c if ie d  b y  S 0 b  a n d  S f o ,  b e in g  a n  i n p u t  o p t io n .
G i v e n  t h e  e n e r g ie s  a n d  a n g u la r  i n f o r m a t i o n  i n  t h e  l a b o r a t o r y  f r a m e  w e  m a y  t r a n s ­
p o s e  th e s e  t o  t h e  C M  f r a m e .  S in c e  t h e  v a lu e s  o f  k A x  a n d  k A x - b  w i l l  v a r y  f o r  e a c h  
a n g u la r  c o m b in a t io n  i t  is  n o t  p r a c t ic a b le  t o  c a lc u la t e  t h e  T - m a t r i x  e le m e n t s  f o r  
e a c h  c o m b in a t io n  a n d  so a  s u i t a b le  i n t e r p o l a t i o n  p r o c e d u r e  is  n e c e s s a r y . B e f o r e  t h e
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i n t e g r a t io n s  a r e  c o m m e n c e d  T - m a t r i x  e le m e n t s  f o r  each , p a r t i a l  w a v e  c o m b in a t io n  
a r e  c a lc u la t e d  f o r  s ix  v a lu e s  o f  k ^ x  • T h i s  n u m b e r  is  u s e d  t o  s u i t  t h e  i n t e r p o l a t i o n  
r o u t i n e  r e q u i r e d .
T h e  i n t e r p o l a t e d  T - m a t r i x  e le m e n t s  a r e  u s e d  f o r  e a c h  a n g u la r  c o m b in a t io n  t o  c a l ­
c u la t e  t h e  t r i p l e  d i f f e r e n t ia l  c ro s s -s e c t io n  w h ic h  is  t h e n  t r a n s p o s e d  t o  t h e  la b o r a t o r y -  
f r a m e  w i t h  t h e  a p p r o p r i a t e  J a c o b ia n .  T h e  r e s u l t ,
d 3 a  
dClxdQ,bdEx ’
is  t h e n  i n t e g r a t e d  o v e r  t h e  s o l id  a n g le  f \  u s in g  S im p s o n ’s m e t h o d .
T h e  f i n a l  s te p  is  t o  c a lc u la t e ,  f r o m  t h e  r e s u l t in g  d o u b le  d i f f e r e n t ia l  c r o s s -s e c t io n ,  
d a  /  d Q , x  a n d  d a / d E x .
7.1.1 Initial Comparison with Partial Recoil Calculations 
for Low Partial Waves
A n t i c i p a t i n g  d i f f ic u l t ie s  w h e n  la r g e  n u m b e r s  o f  p a r t i a l  w a v e s  a r e  in t r o d u c e d ,  t h e  
f i r s t  c a lc u la t io n s  a r e  m a d e  w i t h  l a  =  0 - 2 8 ,  4  =  0 -2 0  a n d  l x  =  0 - 8 ,  a n d  t h e  r e s u l ts  
c o m p a r e d  w i t h  s im i la r  c a lc u la t io n s  m a d e  u s in g  p a r t i a l  r e c o i l .  I n  n e i t h e r  c a s e  is  
a n y  o m is s io n  o f  p a r t i a l  w a v e s  e m p lo y e d  n o r ,  f o r  p a r t i a l  r e c o i l ,  a n y  o m is s io n  o f  
L e g e n d r e  P o l y n o m i a l  C o e f f ic ie n ts  (s e e  A p p e n d i x  C.2.2). T h e  c a lc u la t io n s  p r o d u c e  
a  p r e d i c t i o n  i n  b o t h  s h a p e  a n d  a b s o lu t e  m a g n i t u d e .
E x p e r i m e n t a l  R e s u l t s :  11 B e  o n  G o l d  ( e x c l u s i v e )
-----------------  C a l c u l a t i o n :  S 0 b = 9 O ° , 5 ( | ) b = 1 8 O °
1 0 6  -  -  — -  -  C a l c u l a t i o n :  8 0 b = 4 5 ° , 5 < | > b = 9 0 0
----------------- C a l c u l a t i o n :  5 e b = 3 0 ° , 5 4 > b = 4 5 °
' . I . — — i P a r t i a l  R e c o i l  C a l c u l a t i o n
1 0 4 -
10 2C
l a b
3 0  4 0  ^ O
a n g l e  ( d e g r e e s )
Figure 7.1: Comparison of Methods for Low Partial Waves:Gold Target
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T h e  r e s u l t  f r o m  t h is  c a lc u la t io n  w i l l  v a r y  d e p e n d in g  u p o n  t h e  s iz e  o f  t h e  in c r e m e n t s  
u s e d  i n  t h e  i n t e g r a t i o n  o v e r  f l b . T h e  c o a r s e s t  p o s s ib le  (5 6 0  =  9 0 °  a n d  5</>& —  1 8 0 ° )  
d o e s  n o t  g iv e  a  c lo s e  m a t c h  b u t ,  as  c a n  b e  s e e n  f r o m  F ig u r e  7 .1 ,  t h e  r e s u l ts  c o m p a r e  
v e r y  f a v o u r a b l y  w h e n  t h e  in c r e m e n t s  a r e  3 0 °  a n d  4 5 °  r e s p e c t iv e ly .  I t  is  i n t e r e s t in g ,  
a l t h o u g h  n o t  a c c e p t a b le  e v id e n c e  o f  th is  m e t h o d ’s a c c u r a c y  w i t h  l i g h t  t a r g e t s ,  t h a t  
a  s i m i l a r  c o m p a r is o n  w i t h  a  b e r y l l i u m  t a r g e t ,  u s in g  t h e  s a m e  n u m b e r  o f  p a r t i a l  
w a v e s ,  s h o w s  a  c r o s s -s e c t io n  w i t h  a  r e d u c e d  f o r w a r d  p e a k in g  c o m p a r e d  w i t h  t h a t  
p r o d u c e d  b y  t h e  p a r t i a l  r e c o i l  m e t h o d  ( F i g u r e  7 .2  r e f e r s ) .
7.1.2 Break-up o f  260 M eV  Deuterons on a 63Cu Target
A t  t h is  s ta g e  a  b e t t e r  c o n f i r m a t io n  o f  t h e  f u l l  r e c o i l  t e c h n iq u e  is  a  f u l l  c a lc u la t io n  
f o r  2 6 0  M e V  d e u t e r o n s  o n  a  63C u  t a r g e t  s in c e  t h is  d o e s  n o t  r e q u i r e  t o o  m a n y  p a r ­
t i a l  w a v e s  a n d  e x p e r im e n t a l  d a t a  e x is t  ( S t e p h e n s o n  [2 4 ] ) .  W e  a r e  a b le  t o  m a k e  a  
c o m p a r a b le  c a lc u la t io n  w i t h  a n  e x p e r im e n t  w h ic h  o b s e r v e d  t h e  e x c lu s iv e  d i f f e r e n ­
t i a l  c ro s s -s e c t io n  o f  t h e  p r o t o n  a f t e r  b r e a k - u p  f o r  n e u t r o n s  s c a t t e r e d  f r o m  0  — 6 ° .  
T h e  o p t i c a l  p o t e n t ia ls  u s e d  a r e  t h e  D a e h n ic k  [1 2 ] p o t e n t i a l  f o r  t h e  d e u t e r o n  a n d  
t h e  B e c c h e t t i  a n d  G r e e n le e s  [6] p o t e n t i a l  f o r  t h e  n e u t r o n  a n d  p r o t o n .
F ig u r e  7 .3  s h o w s  t h e  r e s u l t  o f  a  c a lc u la t io n  u s in g  p a r t i a l  w a v e s  o f  l a  =  0 - 8 0 ,  4  =  
0 - 5 0  a n d  l x  =  0 - 5 0  w i t h  60 ( f o r  t h e  n e u t r o n )  r e s t r ic t e d  t o  0  — 6 °  a n d  560 =  1 °  a n d  
S c j ) b  =  1 5 ° .  T h e  r e s u l t ,  w h ic h  is  a n  a b s o lu t e  p r e d ic t io n ,  w o u ld  a p p e a r  t o  c o n f i r m  
t h e  a c c u r a c y  o f  t h e  m e t h o d  a l t h o u g h  s o m e  c o m p a r is o n  w i t h  a n  e x p e r im e n t  u s in g  a  
l i g h t e r  t a r g e t  w o u ld  b e  b e t t e r  c o n f i r m a t io n  t h a t  t h e  p r o b le m s  o f  t h e  p a r t i a l  r e c o i l  
m e t h o d  h a v e  b e e n  o v e r c o m e .
E x p e r i m e n t a l  E x c l u s i v e  D a t a :  Q b  =  O - G  
C a l c u l a t i o n :  © b  =  0 - 6 °  [ 5 G b = 1  0 ,8 < | ) b = 4 5 0 ]
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4  5  G
l a b  a n g l e  ( d e g r e e s )
F ig u r e  7 .3 :  2 6 0  M e V  D e u t e r o n  B r e a k - u p  o n  C o p p e r ,  P r o t o n  D i f f e r e n t ia l  C r o s s -  
s e c t io n  f o r  N e u t r o n  A n g le s  0 - 6 °
I t  w o u ld  b e  u s e f u l  t o  b e  a b le  t o  c o m p a r e  t h e  f u l l  a n d  p a r t i a l  r e c o i l  m e t h o d s  d i r e c t l y  
a n d  t h is  is  p o s s ib le  i f  w e  c a lc u la t e  t h e  p r o t o n  d i f f e r e n t ia l  c r o s s -s e c t io n  f o r  A L L  
n e u t r o n s  s in c e  t h is  c a n  b e  e f f e c te d  b y  b o t h  m e t h o d s .  F ig u r e  7 .4  g iv e s  t h e  r e s u l ts  
a n d  s h o w s  t h a t  t h e  p a r t i a l  r e c o i l  c a lc u la t io n  p r o d u c e s  a  h ig h e r  v a lu e  t h a n  t h e  f u l l  
r e c o i l  m e t h o d .
F ig u r e  7 .4 :  2 6 0  M e V  D e u t e r o n  B r e a k - u p  o n  C o p p e r ,  P r o t o n  D i f f e r e n t ia l  C r o s s -  
s e c t io n  f o r  a l l  N e u t r o n  A n g le s
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7.1.3 Break-up o f  260 M eV  Deuterons on a 12C Target
R e t u r n i n g  t o  t h e  n e e d  t o  t r y  t h e  f u l l  r e c o i l  m e t h o d  w i t h  a  l i g h t  t a r g e t  t h e r e  is ,  
f o r t u n a t e l y ,  a  s i m i l a r  e x p e r im e n t  f o r  2 6 0  M e V  d e u t e r o n  b r e a k - u p  o n  c a r b o n .  A  
c a l d i l a t i o n  w i t h  t h is  e x p e r im e n t ’s p a r a m e t e r s  r e s u l ts  i n  t h e  c ro s s -s e c t io n  s h o w n  i n  
F ig u r e  7 .5  f r o m  w h ic h  i t  m a y  b e  s e e n  t h a t  t h e  f u l l  r e c o i l  m e t h o d  s t i l l  g iv e s  h ig h e r  
r e s u l ts  f o r  v e r y  l i g h t  t a r g e t s  b y  a n  o r d e r  o f  m a g n i t u d e  a l t h o u g h  t h e r e  is  n o t  t h e  
s a m e  e x t r e m e  p e a k in g  t h a t  w e  see  w i t h  t h e  p a r t i a l  r e c o i l  m e t h o d .
F ig u r e  7 .5 :  2 6 0  M e V  D e u t e r o n  B r e a k - u p  o n  C a r b o n ,  P r o t o n  D i f f e r e n t i a l  C r o s s -  
s e c t io n
7 . 2  P r o b l e m s  i n  t h e  C a l c u l a t i o n
T h e  t i m e  t a k e n  f o r  t h e  a b o v e  c a lc u la t io n s  f o r  2 6 0  M e V  d e u t e r o n s  is  a p p r o x i m a t e l y  
1 4  h o u r s  o n  a  D e c  A l p h a  [ e q u iv a le n t  t o  5  h o u r s  o n  a  C R A Y ] .  W h a t  m u s t  a ls o  b e  
r e m e m b e r e d  is  t h a t  t h is  is  d o n e  f o r  o n ly  t h e  f i r s t  6  d e g re e s  o f  c ro s s -s e c t io n  f o r  b o t h  
t h e  p r o t o n  a n d  n e u t r o n  p a r t ic le s .
F i r s t l y ,  t o  c a lc u la t e  t h e  c ro s s -s e c t io n  f o r ,  s a y , p r o to n s  b e t w e e n  0 - 7 0 °  w o u l d  t a k e  
4 8  h o u r s  o f  C R A Y  t i m e .  I t  w o u ld  b e  p o s s ib le  t o  h a v e  a n  a c c e p t a b le  r e s u l t  f o r  a l l  
n e u t r o n  a n g le s  ( 0 - 1 8 0 ° )  i f  560 a n d  S f o  w e r e  a m e n d e d  t o  3 0 °  a n d  4 5 °  r e s p e c t iv e ly  
w i t h  t h e  c a lc u la t io n  o n ly  t a k i n g  s o m e  1 6  h o u r s  o f  C R A Y  t i m e .  T h i s  is  s t i l l  a  la r g e ,  
a n d  c o s t ly ,  a m o u n t  o f  p r o c e s s in g  a n d  w e  a r e  o n ly  d e a l in g  w i t h  d e u t e r o n  p r o je c ­
t i le s .  T h e  t i m e  t a k e n  f o r  t h e  c a lc u la t io n  d e p e n d s  u p o n  t w o  f a c t o r s ,  t h e  n u m b e r  o f  
p a r t i a l  w a v e s  a n d  t h e  s te p s iz e  f o r  t h e  in t e g r a t i o n .  I f  w e  s c a le  u p  t h e  f ig u r e s  f o r  a n  
a c c e p t a b le  p ro c e s s in g  o f  2 6 0  M e V  d e u t e r o n s  t o  4 5 1  M e V  n B e  p r o je c t i le s  w e  see  a
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t i m e  f a c t o r  o f  a b o u t  7 7  w h ic h  im p l ie s  o v e r  5 0  d a y s  o f  C R A Y  t i m e .  T h e  o m is s io n  
o f  s o m e  p a r t i a l  w a v e s  w o u ld  s e e m  t o  b e  a  v i t a l  r e q u i r e m e n t .
7.2.1 Omitting Partial Waves and Integration Stepsize
I t  is  n e c e s s a r y ,  i f  a n y  p a r t i a l  w a v e s  a r e  t o  b e  o m i t t e d ,  t h a t  t h e  c o n t r i b u t io n  t o  
t h e  c r o s s -s e c t io n  b y  t h e  p a r t i c l e  p a r t i a l  w a v e s  b e  a  s m o o t h  f u n c t i o n .  I n v e s t i g a t io n  
o f  t h e  f u n c t io n s  o f  a l l  t h r e e  p a r t i c l e  p a r t i a l  w a v e  c o n t r ib u t io n s  s h o w s  t h a t  t h e  
f u n c t io n s  a r e  a n y t h i n g  b u t  s m o o t h  f o r  g e n e r a l ly  a c c e p t a b le  i n t e g r a t i o n  s te p  s iz e s . 
W h i l s t  a  r e a s o n a b ly  c o n v e r g e n t  c ro s s -s e c t io n  is  a v a i la b le  f r o m  8 6 b  a n d  o f  3 0 °  
a n d  4 6 °  r e s p e c t iv e ly ,  t h e  c o n t r i b u t io n  f u n c t io n s  a r e  v e r y  o s c i l la t o r y .  R e d u c in g  t h e  
i n t e g r a t i o n  s te p s iz e s  d o w n  t o  v a lu e s  t h a t  m i g h t  f a c i l i t a t e  t h e  o m is s io n  o f  s o m e  
p a r t i a l  w a v e s  w i l l  in c r e a s e  t h e  p r o c e s s in g  t i m e  b y  a  f a c t o r  o f  b e t w e e n  3 0  a n d  9 0  
w h ic h  w i l l  a b s o r b  a l l  t h e  s a v in g  t h a t  c o u ld  b e  m a d e  b y  o m i t t i n g  w a v e s .  T h i s  is  
n o t  a  s o lu t io n .
7.2.2 Storage Requirements
F o r  t h e  p a r t i a l  r e c o i l  m e t h o d  w e  a r e  a b le ,  b y  o m i t t i n g  m a n y  o f  t h e  6 - p a r t i c le  p a r t i a l  
w a v e s ,  t o  k e e p  d a t a  s to r a g e  r e q u i r e m e n t s  m a n a g e a b le .  F o r  t h e  f u l l  r e c o i l  m e t h o d  
w e  n e e d  a  la r g e  s to r a g e  a r r a y  f o r  e a c h  p a r t i a l  w a v e  c o m b in a t io n  a n d  e a c h  k ^ x  
( m i n i m u m  o f  6  w a v e  v e c t o r s ) .  S in c e  w e  a r e  d e a l in g  w i t h  c o m p le x  n u m b e r s  w h ic h  
n e e d  1 6  b y t e s  f o r  t h e i r  r e p r e s e n t a t io n  i n  t h e  c o m p u t e r  w e  h a v e ,  f o r  t h e  i  2 6 0  M e V  
d e u t e r o n  c a lc u la t io n  q u o t e d  a b o v e ,
s to r a g e  =  8 1  x 5 1  x 5 1  x 6  x 1 6  b y t e s ,
=  2 0 .2 3  M b y t e s .
T h i s  is  m a n a g e a b le  o n  m o s t  a v a i la b le  m a c h in e s  b u t  t h e  p ic t u r e  c h a n g e s  w h e n  w e  
c o n s id e r  t h e  r e q u i r e m e n t s  f o r  a  m o d e s t  c a lc u la t io n  f o r  11 B e  p r o je c t i le s  o n  a  t a r g e t  
o f  a n y  k i n d .
W h e n  c h e c k in g  t h e  c o n v e r g e n c e  o f  t h e  p a r t i a l  r e c o i l  m e t h o d  t h e  m a x i m u m  n u m b e r s  
o f  p a r t i a l  w a v e s  u s e d  w e r e  l a  =  0 - 9 0 0 ,  l b  =  0 - 8 0 0  a n d  l x  =  0 - 1 0 0  b u t  i t  w a s  d e m o n ­
s t r a t e d  t h a t  lo w e r  v a lu e s  w e r e  c a p a b le  o f  p r o v id in g  a  c a lc u la t io n  t h a t  m a t c h e d  
e x p e r im e n t  w e l l .  I f  w e  a s s u m e  t h a t  th e s e  lo w e r  v a lu e s  a p p ly  t h e n  w e  c a n  r e s t r i c t  
t h e  c a lc u la t io n .  T h i s  w i l l  s t i l l  r e q u i r e
s to r a g e  =  4 8 1  X 4 0 1  x 8 1  x 6  x 1 6  b y t e s ,
=  1 5 0 0  M b y t e s .
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7 .2 .3  I n e l a s t i c
T h e  p r o b le m s  o u t l in e d  a b o v e  a p p ly  e q u a l ly  t o  t h e  in e la s t ic  c a lc u la t io n s  a l t h o u g h  
t h e  n u m b e r  o f  p a r t i a l  w a v e s  r e q u i r e d  is  le s s  o n e r o u s .
7 . 3  T h e  N e x t  S t a g e
B e f o r e  t h e  f u l l  r e c o i l  m e t h o d  w a s  in v e s t ig a t e d  b o t h  P r o f .  J o h n s o n  a n d  D r .  T h o m p ­
s o n  s u g g e s te d  c o m p a r in g  t h e  C o u lo m b  c ro s s -s e c t io n  c a lc u la t e d  b y  p a r t i a l  r e c o i l  
w i t h  t h e  r e s u l ts  o f  a n  a n a l y t i c a l  c a lc u la t io n  i m p le m e n t e d  b y  R .  S h y a m  [2 3 ] .
T h i s  a p p r o a c h  w a s  b e g u n  b u t  f o u n d e r e d  d u e  t o  p r o b le m s  i n  i n t e r p r e t a t i o n  o f  t h e  
m e t h o d .  A t  t h e  e n d  o f  t h is  r e s e a r c h ,  h o w e v e r ,  P r o f .  S h y a m  v i s i t e d  S u r r e y  U n i v e r ­
s i t y  a n d  ld n d l y  p r o v id e d  a  c o p y  o f  h is  c o d e . T h e  r e s u lts  f r o m  t h is  c o d e  h a v e  b e e n  
c o m p a r e d  w i t h  t h e  C o u lo m b  c r o s s -s e c t io n s  f r o m  p a r t i a l  r e c o i l  a n d  t h e  r e s u l ts  a r e  
s h o w n  i n  F ig u r e s  7 .6 ,  7 .7  a n d  7 .8 .
I t  c a n  b e  s e e n  t h a t  p a r t i a l  r e c o i l  g iv e s  t o o  h ig h  a  v a lu e ,  e v e n  f o r  a  g o ld  t a r g e t .  
M a k i n g  a  s im p le  a d d i t i o n  o f  t h e  n u c le a r  a n d  a n a l y t i c a l  C o u lo m b  c r o s s -s e c t io n s ,  ig ­
n o r in g  t h e  in t e r f e r e n c e  t e r m ,  s h o w s  a  r e m a r k a b le  m a t c h  t o  e x p e r im e n t  f o r  a l l  t h r e e  
t a r g e t s  (s e e  F ig u r e s  7 .9 ,  7 .1 0  a n d  7 . 1 1 )  a n d  s u g g e s ts  t h a t  a  c a r e f u l  m o d i f i c a t i o n  
t o  t h e  p a r t i a l  r e c o i l  m e t h o d ,  r e p la c in g  t h e  C o u lo m b  e le m e n t  w i t h  t h e  a n a l y t i c a l  
a p p r o a c h  w o u ld  b e  a  s u i t a b le  w a y  t o  a d v a n c e  t h is  r e s e a r c h .  ( A  s i m i l a r  a p p r o a c h  
f o r  d e u t e r o n  b r e a k - u p  w a s  f o l lo w e d  i n  a n  e a r l ie r  p a p e r  b y  J .  L a n g  e t  a l  [ 1 4 ] . )
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F ig u r e  7 .7 :  C o u lo m b  C r o s s -s e c t io n  o n  T i t a n i u m  -  P a r t i a l  R e c o i l  N u m e r i c a l  a n d  
A n a l y t i c a l
F ig u r e  7 .8 :  C o u lo m b  C r o s s -s e c t io n  o n  B e r y l l i u m  -  P a r t i a l  R e c o i l  N u m e r i c a l  a n d  
A n a l y t i c a l
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Figure 7.10: Titanium Target - Partial Recoil Nuclear -j- Analytical Coulomb
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F ig u r e  7 .1 1 :  B e r y l l i u m  T a r g e t  -  P a r t i a l  R e c o i l  N u c le a r  +  A n a l y t i c a l  C o u lo m b
7 . 4  C o n c l u s i o n s
T h e  a m o u n t  o f  s to r a g e  r e q u i r e d  f o r  t h e  f u l l  r e c o i l  c a lc u la t io n  is  h ig h  e v e n  b y  
p r e s e n t - d a y  s ta n d a r d s  a n d ,  t a k e n  w i t h  t h e  p ro c e s s in g  t i m e  r e q u i r e m e n t s  a l r e a d y  
m e n t io n e d ,  s u g g e s ts  t h a t  t h e  f u l l  r e c o i l  m e t h o d  is  n o t  y e t  a p p r o p r i a t e  f o r  h e a v ie r  
i o n  c a lc u la t io n s .
T h e  p o s s ib le  i n t e g r a t i o n  o f  t h e  n u c le a r  p a r t  o f  t h e  p a r t i a l  r e c o i l  m e t h o d  w i t h  a n  
a n a l y t i c a l  c a lc u la t io n  f o r  t h e  C o u lo m b  c o n t r i b u t io n  is  a  p r o m is in g  l e a d  f o r  t h e  
f u t u r e  a l t h o u g h  t h e r e  m a y  b e  d i f f ic u l t ie s  i n  is o la t in g  t h e  n u c le a r  T - m a t r i x  i n  t h e  
c a lc u la t io n  so t h a t  t h e  in t e r f e r e n c e  t e r m s  m a y  b e  c a lc u la t e d .
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C h a p t e r  8  
C o n c l u s i o n s
8 . 1  T h e  S i m p l e  E l a s t i c  M o d e l
T h e  s im p le  e la s t ic  c a lc u la t io n  i n  C h a p t e r  3  p r o d u c e s  a  g o o d  a p p r o x i m a t i o n  t o  t h e  
s h a p e  o f  t h e  d i f f e r e n t ia l  c r o s s -s e c t io n  b u t  d o e s  n o t  g iv e  t h e  m a g n i t u d e .  I t  is ,  i n  
e f f e c t ,  a n  a p p r o x i m a t i o n  t o  t h e  p o s t - f o r m  D W B A  m o d e l .  T h i s  s u g g e s ts  t h a t  a  
g o o d  c h e c k  w o u ld  b e  a  p a r t i a l  r e c o i l  c a lc u la t io n  w i t h  t h e  f o l lo w in g  c h a n g e s  m a d e  
t o  m i m i c  t h e  p h y s ic s  o f  t h e  s im p le  m o d e l .
•  T h e  o p t i c a l  a n d  C o u lo m b  p o t e n t ia ls  f o r  t h e  n B e  o n  19’ A u  r e a c t io n  s h o u ld  b e  
s e t  t o  z e r o  t o  p r o d u c e  a  p la n e  w a v e - f u n c t io n  f o r  t h e  p r o je c t i l e .
•  T h e  C o t i lo m b  p o t e n t i a l  f o r  t h e  10B e  o n  197A n  r e a c t io n  s h o u ld  b e  s e t t o  z e r o  t o  
m a t c h  t h e  a b s e n c e  o f  C o u lo m b  fo r c e s  i n  t h e  s im p le  m o d e l .
•  T h e  o p t i c a l  p o t e n t i a l  f o r  t h e  n e u t r o n  o n  197A u  r e a c t io n  s h o u ld  b e  s e t  t o  z e r o  t o  
s im u la t e  t h e  n e u t r o n  b e in g  a  s p e c t a t o r  w i t h  n o  p a r t  i n  t h e  r e a c t io n .
A s  t h e  p a r t i a l  r e c o i l  m e t h o d  is  u s in g  t h e  e x c i t e d  c o re  m o d e l  f o r  t h e  z e r o  r a n g e  
c o n s t a n t  a n d  f i n i t e  r a n g e  c o r r e c t io n ,  t h e  s im p le  e la s t ic  c a lc u la t io n  f o r  t h a t  m o d e l  
is  u s e d  f o r  t h e  c o m p a r is o n .
T h e  r e s u l t  is  s h o w n  i n  F ig u r e  8 .1 .  I t  c a n  b e  s e e n  t h a t  t h e  p a r t i a l  r e c o i l  c a lc u la t io n ,  
w i t h  a n  a b s o lu t e  d i f f e r e n t i a l  c r o s s -s e c t io n ,  p r o d u c e s  a  m a t c h  t o  t h e  e x p e r im e n t a l  
d a t a  w h ic h ,  i f  s l ig h t l y  h ig h  o v e r  t h e  r a n g e  0  — 3 0 ° ,  is  r e m a r k a b l y  g o o d  b e a r in g  i n  
m i n d  t h e  s im p l i f ic a t io n s  i n t r o d u c e d  a n d  in d ic a t e s  t h a t  t h e  s im p le  m o d e l  is  b a s e d  
o n  s o m e  r e a s o n a b le  p h y s ic s .  T h e  s im p le  e la s t ic  c a lc u la t io n  g iv e s  s o m e  a n g u la r  d is ­
c r e p a n c y  b u t  t h is  m a y  b e  e x p la in e d  b y  t h e  u s e  o f  a n  a v e r a g e d  ty u io  ( see  S e c t io n  3 .4  
a n d  E q u a t i o n  ( 3 . 4 . 4 ) )  w h ic h  w i l l  r e m o v e  a n y  a n g u la r  i n f o r m a t i o n  i t  w o u ld  o t h e r ­
w is e  c o n t r i b u t e .  T h i s  s u g g e s ts  t h a t  i f  a  w a y  c a n  b e  f o u n d  t o  a v o id  t h is  a v e r a g e in g ,  
w i t h o u t  s ig n i f ic a n t ly  in c r e a s in g  t h e  c o m p le x i t y  o f  t h e  c a lc u la t io n ,  w e  m i g h t  h a v e  
a  s im p le  b u t  a c c u r a t e  w a y  t o  c a r r y  o u t  a n  a b s o lu t e  b r e a k - u p  c a lc u la t io n  f o r  h e a v y  
t a r g e t s ,  t a k i n g  o n ly  a  f e w  s e c o n d s  o f  c o m p u t in g  t im e .
F o r  c o m p le te n e s s  F ig u r e  8 .2  c o m p a r e s  t h e  s im p l i f ie d  p a r t ic i l  r e c o i l  c a lc u la t io n  w i t h  
o n e  u s in g  t h e  s a m e  n u m b e r  o f  p a r t i a l  w a v e s  a n d  w i t h  a l l  p o t e n t ia ls  s w i t c h e d  o n .
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F ig u r e  8 .1 :  C o m p a r is o n  o f  S im p le  M o d e l  w i t h  E q u iv a le n t  P a r t i a l  R e c o i l  C a l c u l a ­
t i o n
A  s u i t a b le  a r e a  o f  f u r t h e r  r e s e a r c h  w o u ld  t h e r e f o r e  b e  a  m o d i f i c a t i o n  t o  t h e  s im p le  
e la s t ic  m o d e l  t h a t  e l im in a t e s  t h e  n e e d  t o  t a k e  a n  a v e r a g e  v a lu e  o f  U u io -
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8 . 2  T h e  Q u a n t i t a t i v e  D W B A  C a l c u l a t i o n s
A  f u l l  D W B A  c a lc u la t io n  s h o u ld  p r e d ic t  t h e  m a g n i t u d e  o f  t h e  c r o s s -s e c t io n  i n  
a d d i t i o n  t o  t h e  s h a p e .  T o  r e d u c e  t h e  c o m p le x i t y  o f  t h e  c a lc u la t io n  t h e  p a r t i a l  
r e c o i l  m e t h o d  in t r o d u c e s  t h e  h e a v y  t a r g e t  a p p r o x im a t io n  o f  s e t t in g  t o  z e r o .
T h i s  is  s a t is f a c t o r y  f o r  a  h e a v y  t a r g e t  l i k e  g o ld  a n d  t h e  r e s u l ts  s h o w  a  g o o d  m a t c h  
t o  e x p e r im e n t a l  d a t a  b o t h  i n  t e r m s  o f  s h a p e  a n d  m a g n i t u d e .  C h a p t e r  7  d o e s ,  
h o w e v e r ,  p r o v id e  s o m e  e v id e n c e  t h a t  t h e  c a lc u la t io n  m a y  g iv e  s l ig h t ly  h ig h  r e s u l ts .  
O n e  a r e a  is  t h e  c o m p a r is o n  w i t h  f u l l  r e c o i l  f o r  2 6 0  M e V  d e u t e r o n s  o n  c o p p e r  
(s e e  F ig u r e  7 .4 ) ;  t h e  o t h e r  is  t h e  c o m p a r is o n  o f  t h e  C o u lo m b  c o m p o n e n t  w i t h  a n  
a n a l y t i c a l  C o u lo m b  c a lc u la t io n  (s e e  F ig u r e  7 . 6 ) .  T h is  t e n d e n c y  t o  a  h ig h e r  c ro s s -  
s e c t io n  is  n o t  a p p a r e n t  i n  t h e  r e s u l ts  s h o w n  i n  C h a p t e r  5  b u t  m i g h t  a p p e a r  i f  a  
b e t t e r  m o d e l  f o r  11B e  r e s u l t e d  i n  a  h ig h e r  z e r o  r a n g e  c o n s ta n t  a n d / o r  f i n i t e  r a n g e  
c o r r e c t io n .
T h e  h e a v y  t a r g e t  a p p r o x i m a t i o n  is  n o t  a p p r o p r i a t e  f o r  l i g h t e r  t a r g e t s  as  m f £ m x  
is  n o t  n e g l ig ib le  b u t  is ,  f o r  e x a m p le ,  a p p r o x i m a t e l y  0 .0 9  f o r  a  b e r y l l i u m  t a r g e t .  
I n  t h e s e  c ir c u m s t a n c e s  t h e  a s s u m p t io n  t h a t  t h e  b  a n d  x  p a r t ic le s  h a v e  p a r a l l e l  
m o m e n t a  d o e s  n o t  s e e m  u n r e a s o n a b le  p a r t i c u l a r l y  f o r  n u c le a r  b r e a k - u p  w h e r e  t h e  
p r o je c t i l e  n e e d s  t o  h a v e  a  s m a l l  i m p a c t  p a r a m e t e r .  I n  t h is  s i t u a t i o n  t h e  e f fe c t  o f  
t h e  C o u lo m b  fo r c e  is  m a i n l y  t o  r e t a r d  t h e  10B e  c o re  a lo n g  t h e  b e a m  t r a j e c t o r y  
so t h a t ,  u p o n  b r e a k - u p  c lo s e  t o  t h e  t a r g e t  n u c le u s ,  t h e  c o r e  a n d  n e u t r o n  w i l l  b e  
m o v in g  i n  m a i n l y  t h e  s a m e  d i r e c t io n .
F ig u r e  8 .3 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t i c  B r e a k - u p  o f  11 B e  o n  a  
B e r y l l i u m  T a r g e t  w i t h  a  R e d u c e d  N u m b e r  o f  P a r t i a l  W a v e s
H o w e v e r ,  t h e  e la s t ic  c a lc u la t io n s  u s in g  b o t h  C o u lo m b  a n d  n u c le a r  p o t e n t i a l s  a r e
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u n s a t is f a c t o r y  i n  t h a t  t h e y  p r o d u c e  s ig n i f ic a n t  p e a k in g  a t  t h e  v e r y  f o w a r d  a n g le s  
(s e e  F ig u r e s  5 .9  a n d  5 . 1 0 ) .  T w o  p o s s ib le  s o u rc e s  o f  t h is  d is c r e p a n c y  a r e  c o n s id e r e d .  
T h e  f i r s t  is  t h a t  t h e  p r o b le m  a r is e s  w h e n  t h e  h ig h e r  p a r t i a l  w a v e s  a r e  in t r o d u c e d  
i n t o  t h e  c a lc u la t io n .  F ig u r e  8 .3  s h o w s  t h e  e la s t ic  c a lc u la t io n  f o r  t h e  b e r y l l i u m  
t a r g e t  r e p e a t e d  w i t h  t h e  n u m b e r  o f  p a r t i a l  w a v e s  r e d u c e d  t o  4 = 3 0 0 ,  4 = 2 2 5  a n d  
4 = 7 5 .  I t  m a y  b e  s e e n  t h a t  a l t h o u g h  t h e  a n g u la r  d is t r i b u t i o n  v a r ie s  s l ig h t ly  c o m ­
p a r e d  w i t h  t h e  o r ig in a l  c a lc u la t io n ,  t h e  f o r w a r d  p e a k  is  v i r t u a l l y  u n c h a n g e d .  T h e  
h ig h e r  p a r t i a l  w a v e s  d o  n o t  a p p e a r  t o  b e  t h e  f a c t o r  c a u s in g  t h e  p e a k in g .
T h e  s e c o n d  p o s s ib i l i t y  f o r  t h e  d is c r e p a n c y  is  t h e  u s e  o f  o n ly  o n e  n e u t r o n  e n e r g y  
w i t h  a  t r i a n g u l a r  d is t r i b u t i o n  (s e e  S e c t io n  5 . 3 )  w h ic h  a p p e a r s  t o  b e  a c c e p t a b le  f o r  
h e a v y  t a r g e t s  b u t  h a s  n o t  b e e n  c h e c k e d  f o r  t i t a n i u m  n o r  b e r y l l iu m .  F ig u r e  8 .4  
s h o w s  t h e  r e s u l t  o f  a n  e la s t ic  c a lc u la t io n  w i t h  t h e  n o r m a l  n u m b e r  o f  p a r t i a l  w a v e s  
b u t  w i t h  1 1  n e u t r o n  e n e r g ie s . T h e r e  is  c le a r ly  n e g l ig ib le  c h a n g e  a n d  so  a g a in  a  
r e a s o n  h a s  n o t  b e e n  f o u n d  f o r  t h e  p r o b le m .
F ig u r e  8 .4 :  N e u t r o n  D i f f e r e n t ia l  C r o s s -s e c t io n  f o r  E la s t ic  B r e a k - u p  o f  n B e  o n  a  
B e r y l l i u m  T a r g e t  u s in g  1 1  N e u t r o n  E n e r g ie s
H a v i n g  t h e r e f o r e  d is m is s e d  th e s e  p o s s ib i l i t ie s  w e  a r e  l e f t  w i t h  t h e  a s s u m p t io n  o f  
p a r a l l e l  m o m e n t a  as  a  p o s s ib le  c u l p r i t .  T h e  a r g u m e n t  t h a t  t h is  is  v a l i d  f o r  n u c le a r  
e la s t ic  b r e a k - u p  is  b o r n e  o u t  b y  t h e  e v id e n c e  t h a t  t h e  c ro s s -s e c t io n s  a r is in g  f r o m  
t h e  n u c le a r  p o t e n t i a l  a lo n e  a r e ,  i n  th e m s e lv e s ,  a  f a i r  m a t c h  t o  t h e  e x p e r im e n t a l  
d a t a  f o r  t i t a n i u m  a n d  b e r y l l i u m  t a r g e t s .  T h i s  w o u ld  n o r m a l l y  b e  t h e  s i t u a t i o n  f o r  
l i g h t  t a r g e t s  w i t h  a n  e x p e c t e d  lo w  C o u lo m b  i n t e r a c t i o n  w i t h  t h e  p r o je c t i l e .
T h i s  s u g g e s ts  t h a t  t h e  a s s u m p t io n  o f  p a r a l l e l  m o m e n t a  is ,  f o r  e la s t ic  b r e a k - u p ,  
n o t  v a l i d  f o r  t h e  C o u lo m b  i n t e r a c t i o n  a n d  t h a t  t h is  m a y  b e  t h e  c a u s e  o f  t h e  p o o r
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I f  w e  n o w  c o n s id e r  i n e la s t ic  b r e a k - u p  011 a  b e r y l l i u m  t a r g e t  (s e e  F ig u r e  6 .7 )  w e  c a n  
see  t h a t ,  a l t h o u g h  t h e  C o u lo m b  c o m p o n e n t  is  o n ly  a  v e r y  m i n o r  p a r t  o f  t h e  c a l ­
c u l a t i o n ,  t h e r e  is  s t i l l  a n  e x c e s s iv e  c r o s s -s e c t io n  a t  t h e  f o r w a r d  a n g le s .  I t  t h e r e f o r e  
a p p e a r s  t h a t  t h e  p a r a l l e l  m o m e n t a  a s s u m p t io n  is  n o t  v a l i d  f o r  i n e la s t ic  n u c le a r  
r e a c t io n s  w h e r e  t h e  s u r fa c e  i n t e r a c t i o n  m a y  b e  c h a n g in g  t h e  m o m e n t u m  v e c t o r  o f  
e i t h e r  o r  b o t h  p a r t ic le s  i n  a  w a y  t h a t  r e m o v e s  t h e  p a r a l l e l i s m .
A  s u i t a b le  c h e c k  o f  t h is  h y p o t h e s is  w o u ld  b e  a  f u l l  r e c o i l  c a lc u la t io n  w h ic h ,  f o r  t h e  
m o m e n t ,  w e  h a v e  s h o w n  t o  b e  i m p r a c t ic a b le .
F u t u r e  r e s e a r c h  c o u ld  h a v e  as a n  a i m  e i t h e r  a  m e t h o d  f o r  t h e  a v o id a n c e  o f  t h e  
a s s u m p t io n  o f  p a r a l l e l  m o m e n t a  i n  t h e  p a r t ie d  r e c o i l  c a lc u la t io n  o r  a n  i m p l e m e n t a ­
t i o n  o f  t h e  f u l l  r e c o i l  m e t h o d  f o r  h e a v ie r  p r o je c t i le s  w i t h o u t  t h e  p e n a l t ie s  o u t l in e d  
i n  C h a p t e r  7 .
8 . 3  A n a l y t i c a l  C o u l o m b  C a l c u l a t i o n s
T h e  r e p la c e m e n t  o f  t h e  p a r t i a l  r e c o i l  C o u lo m b  c o m p o n e n t  w i t h  a n  a n a l y t i c a l  
C o u lo m b  c a lc u la t io n  m a y  b e  a  s o lu t io n  t o  t h e  p r o b le m  f o r  e la s t ic  b r e a k - u p  b u t  
t h e r e  a r e  t w o  m a j o r  r e s e r v a t io n s .
•  T h i s  s o lu t io n  is  n o t  g o in g  t o  s o lv e  t h e  p r o b le m  w i t h  in e la s t ic  c a lc u la t io n s  f o r  
l i g h t  t a r g e t s  a n d
•  i t  m i g h t  b e  v e r y  d i f f i c u l t  t o  i m p le m e n t  as  t h e  p a r t i a l  r e c o i l  c a lc u la t io n  d e r iv e s  
| T | 2 d i r e c t l y  w i t h o u t  s e p a r a t e ly  o b t a in in g  T .  T  is ,  o f  c o u rs e , n e e d e d  t o  o b t a in  t h e  
i n t e r f e r e n c e  t e r m .
H o w e v e r ,  i n  v ie w  o f  t h e  p r o m is in g  i n i t i a l  r e s u l ts  g iv e n  i n  C h a p t e r  7  w i t h  a  s im p le  
a d d i t i o n ,  i t  w o u ld  b e  w o r t h  s o m e  r e s e a r c h  e f f o r t  t o  s e e k  a  w a y  t o  o v e r c o m e  t h e  T  
p r o b l e m  i f  o n ly  t o  w id e n  t h e  s c o p e  o f  t h e  e la s t ic  c a lc u la t io n .
results with light targets.
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A p p e n d i x  A  
D e r i v a t i o n s
A . l  D e r i v a t i o n  o f  k y  ( g i v e n  9 & a n d  < / > )
C o n s id e r  t h e  f o l lo w in g  b r e a k - u p  r e a c t io n  i n  t h e  L a b o r a t o r y  f r a m e ,
A  +  a —* A  +  6 +  a:. ( A . 1 .1 )
W e  h a v e  a  t o t a l  e n e r g y  ( E ^ o t )  i n  t h e  i n i t i a l  c h a n n e l  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  
p r o je c t i l e  a  le s s  t h e  b in d in g  e n e r g y  o f  t h e  E - p a r t i c le .  I n  t h e  f i n a l  c h a n n e l  w e  
h a v e  t h e  s u m  o f  t h e  i n d i v i d u a l  p a r t i c l e  e n e r g ie s .  F r o m  c o n s e r v a t io n  o f  e n e r g y  a n d  
m o m e n t u m  w e  h a v e
k n =  k A  +  k t  +  k ,  
a n d  E t o t
h 2 k l  n 2 k 2b  n 2 k l
2 m  A  2  m b  2  m x
( A . 1 .2 )  
( A . 1 .3 )
T h u s  k ^  =  lca — k b  —  k x. 
a n d | k A |2 =  ( k a -  k 6 -  k a. ) . ( k a -  k 6 -  k T ) ,
— k 2  — 2 k a k b  cos  9 b  +  k b  ■—■ 2 k a k x  cos  0 X  - \ -  2 k b k x  cos  0 b x  +  h x .
S u b s t i t u t in g  f o r  | k ^ | 2i n  E q u a t i o n  ( A . 1 . 3 ) a n d  r e a r r a n g in g  g iv e s
2 Etot k b
Ti2 — 5 1-----hmx mb mA
2  k a  k x  cos  0 X  k x
I 5
2 k a k b  cos  9 b  2 k x k b  cos  9 b x  f k
mA mA mA ’
mA mA
w h ic h  m a y  b e  f u r t h e r  r e a r r a n g e d  t o  g iv e  a  q u a d r a t i c  e q u a t io n  i n  k b ,
0 = m A  +  m bmAmb 
2 Etot
+
L mA
k 2a  -  2 k a k x  cos  9 X  
mA
1 / mA T  mx \ .
( k x  cos  u b x  k a  cos 0 b) k b  -j- ( I k ^
\  m A m x  )  ‘
(A.l.4)
W i t h  l i g h t  t a r g e t s  w e  f i n d  t h a t  s o m e t im e s  t h e  s o lu t io n s  a r e  i m a g i n a r y  w h e n  e n e r g y  
a n d  m o m e n t u m  c o n s e r v a t io n  c a n  n o  lo n g e r  b e  m e t  a t  t h e  a n g le s  p r o p o s e d .  T h e s e  
s o lu t io n s  a r e  n o t  u s e d .
A . 2  D e r i v a t i o n  o f  F o r m u l a  f o r  D i f f e r e n t i a l  C r o s s -  
s e c t i o n  ( 3 - b o d y )
W e  c o m m e n c e  w i t h  E q u a t i o n  ( 3 . 3 . 1 )  as b e f o r e ,
<r(A' rt Po) = < M J a o _r d v ,6 { E , _  E ) W  ^  Po)|2) (A 21)
PAci -/A'
w h e r e  w e  d e f in e  A '  so  t h a t  i t  in c lu d e s  a  s m a l l  r e g io n  a r o u n d  p h
P r e v io u s ly  w e  s h o w e d  t h e  r a t i o  f f l ,  t h e  r e s t  m a s s  a n d  m o m e n t u m ,  s in c e  w e  w e r e  
d e a l in g  w i t h  a n  i n f i n i t e l y  h e a v y  t a r g e t .  N o w  w e  u s e  t h e  r a t i o  L L A s - ,  t h e  r e d u c e dPA.a
m a s s  a n d  r e l a t i v e  m o m e n t u m ,  w h ic h  is  a p p r o p r ia t e  f o r  a  t a r g e t  w i t h  f i n i t e  m a s s  
w h e n  c a lc u la t in g  i n  t h e  C M  f r a m e .
p '  c a n  b e  t h e  s e ts  ( p © fa, p ' A x ) ,  ( p ' a - ^ p L - )  o r  ( P A , - * *  P a , ) -  W e  c h o o s e  p '  t o  b e  
t h e  3 - b o d y  m o m e n t a  (P A e - 6 > P A e )  111 ^ ie  e x iE  c h a n n e l .  t ( p '  <— p )  is  t h e  o n - s h e l l  t -  
m a t r i x  f o r  t h e  c h a n n e l  w h ic h  d e p e n d s  o n ly  u p o n  t h e  s e ts  o f  i n i t i a l  a n d  f i n a l  r e l a t i v e  
m o m e n t a .  E , E '  a r e  t h e  i n i t i a l  a n d  f i n a l  e n e r g ie s .  I f  w e  a s s u m e  d C l A x  is  v e r y  s m a l l  
a n d  p 0 ;. is  f ix e d  a t  P a t?  t h e n
d a  ( A '  < -  p0) =  d Q A x p 2A x d p A x  j  d p ' A x _ b S ( E '  -  E ) \ t ( p '  < -  pa)|2,
PAa /A'
(2tt)Vj4(I 2 d p A x
d a A xp 2A x d E A x - ^ ~  f  d p ' A ^ b 6 { E ’ - E ) \ i ( p ' ^ p a ) \ * ,
pAa d±bAx J A '
b u t  —  p a *  t h e r e f o r eaU Ax PA a:
da(A ' rt p„) = ztM AEdnAxEI  dpA _bS(E' -  ,E)|i(p' rt p„)|!
VAa J A '
(27T Y h AclPAxPAx
P   f
( A . 2 . 2 )
I f  w e  a ls o  a s s u m e  dllA c -b  is  v e r y  s m a l l  so t h a t  A ( p '  <—  p )  d o e s  n o t  v a r y  as p'Ax-b 
v a r ie s  o v e r  d J A x ^ b  a b o u t  p A x _ b  t h e n
< f M A '  <- Po) _  (2?T ) a H a * P A x P A x  f  , ,  n x t  _  „  s, 2
7Q  7 Q  7 771 f P Ax—bP Ax —b^\ •A')|hP Pa)| •dAlAx—bd \lAxd E Ax PAa J A
( A . 2 . 3 )
N o w
5 { E '  - E )  =  5 ( Y E ~ b  +  E A x  -  E  -  W a ) ,  ( A . 2 . 4 )
y/VAx-b)
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w h e r e  E a x is  f i x e d  as P a x is  f i x e d  a n d  W a  is  t h e  c h a n n e l  t h r e s h o ld ,  t h u s
5(E' —  E) =  2vAx-bS{PAx-b ~~ 2VAx-b(F +  Wa ~ F'Ax))') 
b u t  P A c c - b  =  2 V A x - b ( E  +  W a  -  E A x ) ,  so
S(E ' -E )  =
VAx—b cr t \
~  °\PAx-b ~ PAx-b)tPAx—b
a s  p 'a x - i  1S p o s i t iv e .  T h e r e f o r e
d3o-(p' <- pa) _  (2?r) V /ta VAx-bPAxVAx-bPAx 11 ( x|2
dnAx-bdV.AxdEAx PAa ^ ^
(A.2.5)
(A.2.6)
(A.2.7)
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A p p e n d i x  B  
F r a m e  T r a n s f o r m a t i o n s
B . l  G e n e r a l
T h e  f o r m u l a t i o n  f o r  t h e  D W B A  a p p r o a c h  u s e s  w a v e - f u n c t io n s  f o r  t h e  p a r t ic le s  i n  
t h e  C e n t r e  o f  M a s s  f r a m e  r is in g  o n e  s e t o f  J a c o b ia n  c o o r d in a t e s .  T r a n s f o r m a t io n s  
a r e  n e e d e d  t o  b e  a b le  t o  r e la t e  t h e  c a lc u la t io n s  i n  t h e  l a b o r a t o r y  a n d  C M  f r a m e s  
as  n e c e s s a ry .
L A B O R A TO R Y  FR A M E
:ra i
h q 2 =  « i2v'2
C E N T R E  O F MASS F R A M E
F ig u r e  B . l :  L a b o r a t o r y  a n d  C e n t r e  o f  M a s s  F r a m e s
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I n  t h e  l a b o r a t o r y  f r a m e  w e  h a v e  t h e  m o m e n t u m  o f  p a r t i c l e  1 e q u a l  t o
Pi =  miVi =  Tilq. ( B . l ! )
F o r  p a r t i c l e  2  w e  h a v e
p 2 — m2v 2 =  fik.2 =  0. (B.1.2)
T h e  t o t a l  e n e r g y  a v a i la b le  i n  t h e  l a b o r a t o r y  f r a m e  is  t h e  e n e r g y  o f  t h e  t w o  p a r t ic le s  
1 a n d  2 .  i . e .
E n e r g y  =  i m a ( v x ) 2 +  i r a 2( v 2 ) 2 . 
(mivfe2
2 m  i
=  (pii
2mi ’
(ftki)2
2 m x
I n  t h e  c e n t r e  o f  m a s s  f r a m e  w e  h a v e  t h e  m o m e n t a  e q u a l  t o
T h i s  g iv e s  v ^
a n d  v 2
ra2(vi)
mi +  m 2 
^i(vi) 
mi +  m 2 ’
( B . l . 3 )
=  m x v j  =  fiqi ( B . l . 4 )
a n d  p2 =  m 2v 2 =  6 -q 2 , ( B . l . 5 )
w h e r e  Pi +  p2 =  0 .
N o w v 2 =  — v C M  (B .l.6 )
andvi =  Vi - vcjw, (B .l.7)
t h u s  m x ( v i  -  v c m )  +  r r i 2 ( - v C M )  =  0
Tfh\
a n d v c M  =  -------------------v i -  ( B . 1 . 8 )mi +  m 2
t h e r e f o r e  q i  =  ^  =  ( B .1 .9 )
%  m i + m2
andq2 =  V Z f l  =  - Z Z ttkJ_.,  (B.1.10)
a mi +  m 2
T h e  e n e r g y  o f  t h e  c e n t r e  o f  m a s s  ( E c u )  is  g iv e n  b y  t h e  f o l lo w in g  e x p r e s s io n .
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Ecu =  -(mi +  m 2)(vcjv/)23
1
(miVi)2_
( B . 1 . 1 1 )
2(mi +  m 2) *
( f t k i ) 2
2(ma -f m 2) ’
T h e  e n e r g y  o f  t h e  t w o  p a r t ic le s  i n  t h e  C M  f r a m e  ( E ' )  is  g iv e n  b y
E' = Cftqi)a | (»q2)2
2mi
(^kx)2
2 m 2 
m 2
2mi L m i + m 2.
(^k,)2 r i
77i! rax +  m 2_
—  Etot — Egm ( B . 1 . 1 2 )
B . 2  T r a n s f o r m i n g  b e t w e e n  L a b o r a t o r y  a n d  C M  
F r a m e s
G i v e n  a  w a v e  v e c t o r  (k, d, </>) i n  t h e  l a b o r a t o r y  f r a m e  w h a t  is  t h e  t r a n s f o r m e d  w a v e  
v e c t o r  (q,6f(//) i n  t h e  C M  f r a m e ?  C o n s id e r  F ig u r e  B .2 .  S in c e  Vqm is  a lo n g  t h e
2 — a x is  w e  k n o w  t h a t  </>' =  c f ) .  C o n s id e r in g  t h e  o t h e r  t w o  u n k n o w n s  w e  h a v e
(vx)2 =  M 2 +  ( v c m ) 2  ~ 2 v x v C m  cos  0, 
t h e r e f o r e  vx =  V (vx)2 +  (vqm)2 ~  ^ Vx^cm cos  0 (B.2.1)
A VCM V'x
a n d
s ii i ( 9 r —  6 )  s i n #
T h u s  6 '  =  s i n - 1 [ ' " H  + 0 .  ( B . 2 . 2 )
V'
S u b s t i t u t in g  t h e  v e lo c i t ie s  i n  E q u a t i o n  ( B . 2 . 1 )  f o r  a p p r o p r i a t e  e x p r e s s io n  i n v lo v in g  
t h e  w a v e  n u m b e r s  a n d  r e a r r a n g in g  w e  h a v e  t h e  e q u a t io n  f o r  t r a n s f o r m in g  t h e  
m o d u lu s  o f  k r  f r o m  t h e  l a b o r a t o r y  f r a m e  t o  t h e  c e n t r e  o f  m a s s  f r a m e ,
S., =  V (fc.,)2 +  ( K f  (  V  -  2 (  )  Kka  cos e . (B.2.3)\ma +  mA J \ma mA J
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F ig u r e  B .2 :  T r a n s f o r m  o f  a  W a v e  V e c t o r
S i m i l a r  s u b s t i t u t io n s  i n  E q u a t i o n  ( B . 2 . 2 )  g iv e  t h e  t r a n s f o r m  o f  t h e  a n g le  6 ,
9' =  sin- 1 (- +  o. (B.2.4)
y ( m a  +  m A ) q x  j
T o  t r a n s f o r m  b a c k  f r o m  t h e  C M  f r a m e  t o  t h e  l a b o r a t o r y  t h e  r e c ip r o c a l  f o r m u l a e ,  i n  
t h e  o r d e r  i n  w h ic h  t h e y  s h o u ld  b e  c a r r ie d  o u t ,  a r e  d e r iv e d  as  f o l lo w s .  R e a r r a n g in g  
E q u a t i o n  ( B . 2 . 4 )  w e  h a v e ,
m x k a  s in ( # / — 6 )
( m a  -j- r n A ) q x  s in #
s in  9 '  c o s  #  — s in  #  cos 9 '
s in  #  ’
=  s in  9 '  c o t  #  — cos O ' .
^  i I  s i n # 7 \  _ .
F i n a l l y  9  =  t a n  ■ - _■■ -  . ( B . 2 . o )
\ (Wfllrojjg, J
U s in g  t h is  v a lu e  o f  #  w e  c a n  r e a r r a n g e  E q u a t i o n  ( B . 2 . 3 )  t o  f o r m  a  q u a d r a t i c  i n  k x ,
_  2 ( ^  +  / 2 _  ( )S =  Q 
y m. a +  m A  J  y m a +  /
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Solving for kx gives us
m xka cos 6 , ( m xka cos 0\ ~( m xka \  . ~  .
=  --------±  - = - 3 -------- -  ----- - p -  + ( f e ) 2. (B .2 .6)
m a  +  m A  y  m a  +  m A  j  \ m a +  m A J
The required roo t is the  positive  one.
B . 3  T r a n s f o r m a t i o n  b e t w e e n  C M  a n d  Selected 
J a c o b i a n  C o - o r d i n a t e s
R eferring to  F igure B.3 we have m om enta q a, amd q.T re la tive  to  an arbitrary- 
fram e w ith  a coordinate o rig in  ‘O ’ . We can express these m om enta in  term s o f the 
Jacobian m om enta as follows.
F igure B.3: A rb itra ry  Frame Coordinates
g f t U - l U l  x  e « q  b.Xb x  g i q - s . l V  __ giQ.R. x  g i k y i a ._ 6 . l V ia ._ 6  ^  f i t  Ax  - I V U -   ^ 3 . 1 )
where Q — q a +  q& +  q©-> (B .3 .2 )
, ^  m AvA +  m brb -j- m xrx . n .
a n d R  =  A — ( B. 3. 3)  
(m A +  m b +  m x)
Let M  =  m A - f  m b +  m x ,
then  q ^ . r ^  +  q 6. r6 +  q^-.iy =  Q.R +  kAx. b.rAx- b +  kAx.rAx. (B .3.4)
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Now tAx — vx — ta , (B .3.5)
(  rnA \
^Ax— b —  I )  1 x +  6^5\rnA -\- m xJ
_  Vh _  f  r>T  —~) *A -  f z —-T Z T ")  r *; (B .3.6)
(B .3.7)
m A +  m x J V m A +  m x
.1 ^  frnATA +  m brb +  m atTx\
thus q ^ .rA  +  q&.r6 +  q ^ .r*  =  Q . ( ---------------— ---------------J
f m Aq a =
I m ,
ImU
q& = \ M j
frnff
qr  = u >
+ kA,-6.(r6 - ( )  rA - ( )  rx)
\rnA +  m x J \m A -\- m x J
+  k ^ r-O v  -  rA). (B .3.8)
C o llecting  terms against the r ’s and equating them  we have,
)  Q -  (  f e -— ) k^-6 -  kAa!( (B .3.9)
J \mA + m xJ
j  Q  +  kA.r-fc5 (B .3.10)
)  Q -  ( — f e — )  + kA., (B .3.11)J \m A +  m xJ
w hich  m ay be rearranged to  give,
k A,-6  =  q < . - ( f e ) Q  (B .3.12)
( 777 » \
 f — ) ( Q - q & ) -  (B .3.13)
m A +  m xJ
F in a lly , i f  the fram e is m oving w ith  the ve loc ity  o f the system ’s centre o f mass then 
Q  =  0 and we have,
kAa--fc =  qfc (B .3T 4 )
(777 * \   ) q&- (B .3T 5 )m A +  m x J
76
A p p e n d i x  C  
C a l c u l a t i o n  P r o b l e m s
C . l  G e n e r a l  C o m p u t i n g  P r o b l e m s
We are considering the break-up reaction A  +  a A  +  b x. A  m a jo r prob lem  in  
the ca lcu la tion  is the num ber o f p a rtia l waves involved fo r the heavier targets. I f  
we take the ca lcu lation fo r a n Be p ro jec tile  on a gold target then the p a rtia l waves 
are o f the order o f 500 fo r the 11 Be p ro jec tile  (a ), 400 fo r the 10Be core (5) and 100 
fo r the neutron (x) (h igher fo r convergence checking). The angular m om entum  
sum m ations therefore am ount to  1000 b illio n  operations o f the  inner loop w h ich  
its e lf can am ount to  in tegra tions invo lv ing  up to  6000 cycles.
O bviously w hat is needed is a m ethod whereby th is  num ber o f cycles m ay be 
d ras tica lly  reduced w ith o u t affecting the  accuracy o f the ca lcu lation. The ‘Catch 
2 2 ’ s itu a tio n  is th a t the complete ca lcu la tion  has to  be carried out once so th a t 
the accuracy o f the quicker methods m ay be checked. The so lu tion  used was to  
carry out some calculations fo r deuteron pro jectiles on a gold ta rge t. Here the 
num ber o f p a rtia l waves required are 80 fo r the deuteron and 40 each fo r the 
p ro to n  and neutron g iv ing  409.6 m illio n  operations o f the inner loop, a reduction  
to  approx im ate ly  . Once the fu l l calculations are available i t  is a simple m a tte r 
to  test s im p lify ing  measures.
C . 2  T h e  D e u t e r o n  M o d e l  
C.2.1 Partial Waves
A  fu l l ca lcu la tion  fo r 30M eV deuteron pro jectiles on a gold targe t takes app rox i­
m a te ly  one hour on a SPARC 10 com puter. Included in  the o u tp u t fro m  the code 
is the co n tribu tio n  to  b o th  the to ta l, and the zero degree, ^-p a rtic le  d iffe ren tia l 
cross-section fro m  the p a rtia l waves fo r the a, b and x partic les. Since the angular 
m om entum  of the a pa rtic le  is re lated to  th a t o f the 6 and x partic les , on ly  the 
con tribu tions o f those tw o are p lo tted . G enerally the most sensitive measure is 
th a t fo r the zero degree cross-section and th is  is shown in  F igure  C . l.
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O  n o  2 0  3 0  4 0I
F igure  C . l:  C on tribu tions to  the 0° x Cross-section from  the b and x P a rtia l Waves
I t  m ay be seen th a t the p a rtia l waves fo r an angular m om entum  over 36 fo r b o th  
the  p ro ton  and the neu tron  con tribu te  neg lig ib ly  to the cross-section and th a t the 
lim its  can be reduced to  72, 36, 36 to  save some tim e. T h is  reduces the tim e  
required fro m  1 hour to  49 m inutes - a w orthw h ile  saving. For some com binations 
o f nuclei i t  m ay be possible to  set the lower l im it  o f the p a rtia l waves (0) to  a 
h igher value.
F igure C.2: E ffect o f O m ittin g  P a rtia l Waves fo r the 6 P artic le
A  m a jo r reduction  in  tim e  can be effected by o m ittin g  some o f the p a rtia l waves
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fo r the  6 pa rtic le  [here the proton] and then m u ltip ly in g  the resu lt by the size of 
the gap. F igure C.2 shows the effect on the d iffe ren tia l cross-section o f o m ittin g  
various numbers o f p a rtia l waves. In it ia l ly  an a ttem p t was made to  om it some 
o f the p a rtia l waves fo r a ll three partic les b u t th is  proved to  be unhe lp fu l as the 
in te rp la y  between the  a and x p a r tia l waves in  the sum m ation gave osc illa to ry  
cross-sections fo r the h igher angles. These on ly settled down to  a sm ooth curve 
m atch ing  experim ent when omissions were sm all in  num ber and thus the tim e  fo r 
the ca lcu la tion  g reatly  increased. As the b pa rtic le  only has one set o f p a rtia l waves 
invo lved a greater num ber o f omissions m ay be effected w ith o u t a de te rio ra tion  in  
the accuracy o f the ca lculation.
Table C . l shows the w orthw hile  reductions in  ca lcu lation tim e  th a t can be achieved.
Use every n th  value 4 T im e as a percentage o f fu l l ca lcu la tion
1 100
2 53
4 26
5 23
8 15
Table C . l:  T im e  Saving fro m  O m ittin g  P a rtia l Waves
The cross-section is s ign ifican tly  affected when every 8th  value o f 4 is used and 
every 5 th  value shows some differences in  the m id-angle range. A  good compromise 
between speed and accuracy seems to  be given by tak ing  every 4 th  value o f the  4  
p a rtia l waves.
C .2 .2 The Legendre Polynomial Index
A n  inspection o f E qua tion  (4.3.9) shows th a t i t  m ay be s im p lified  to
— Constant x  Y }  A(k)Pk(cos 0Ax), (C .2.1)
ail Ax k
„  8DnU>An.HAx--h
where Constant =  4 . ' ■W ) 2
and A(k) =  ^
JkA*! ItAx-b lalblJ>J>x
x  c ( 4 o ;6o |;<1o )c (C .o 4 o |j;o ) i,“ +,- ," - ' - z i„w A w 1.- ( c . 2 .2 )
The func tion  A(k) is a sm ooth func tion  o f k as is dem onstrated by F igure C.3 
below. Since the program m e code actua lly  calculates A(k) du ring  its  opera tion  
there exists a poss ib ility  o f a fu rth e r s im p lifica tion .
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I< ( in  P Kc o s ( t h s t a ) )
Figure C.3: The Function  A ( lt)  fo r the Reaction o f 30M eV Deuterons on Gold
I t  has proved possible to  om it some values o f k in  the ca lcu la tion  o f A(k) and then 
reconstruct i t  using an in te rpo la tion  rou tine . The shape o f the  curve needs to  be 
know n before a good estim ate o f the extent o f the omissions can be made since 
i t  is im p o rta n t in  the reconstruction  th a t the essential shape is no t lost otherw ise 
the in te rp o la tio n  w il l be inaccurate.
F igure C.4: E ffect o f O m ittin g  Values o f k in  the C a lcu la tion  o f A(k)
F igure  C.4 shows the result on the d iffe ren tia l cross-section o f vary ing  omissions 
in  the  values o f th is  function . A n  inspection o f F igure C.3 shows th a t omissions
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greater than  using every second or fo u rth  value o f k w il l result in  some d is to rtio n  o f 
the  reconstructed shape. T h is  is supported by Figure C.4 w h ich  shows th a t using 
every s ix th  o r e igh th  value introduces significant inaccuracies in  the cross-section. 
Using every fo u rth  value gives slight inaccuracies at angles above about 30°. Using 
every second value w ou ld  seem to  be the  best op tion  fo r 30 M eV  deuterons on 
gold.
I t  should be noted, however, th a t fo r some com parative exercises i t  m ay be accept­
able to  use a h igher num ber o f omissions to  save tim e  when the accuracy is no t so 
im p o rta n t. Table C.2 shows the tim e  saving as a percentage o f the fu ll ca lcu la tion  
w ith  no omission o f k values.
Use every n th  value A(k) T im e  as a percentage o f fu l l  ca lcu lation
1 100
2 57
4 33
6 25
8 25
Table C.2: T im e  Saving fro m  O m ittin g  A(k) Values
I t  can be seen th a t a suitable procedure, bearing in  m ind  the accuracy required, is 
to  use every 4 th  p a rtia l wave and every 2nd A(k) value g iv ing  an overall reduction  
to  15% o f the fu l l ca lcu la tion  tim e.
81
A p p e n d i x  D
C o n v e r g e n c e
D . l  C o n v e r g e n c e  for t h e  V i n c e n t  a n d  F o r t u n e  
M e t h o d
I  am  indebted to  D r Ian  Thom pson who carried out the p ro o f lis ted  below. The 
a im  was to  show th a t the V incen t and Fortune m ethod w ou ld  always converge 
given the m om enta o f the particles.
R eferring to  F igure 4.1 we have the  to ta l energy in  the inc iden t channel o f
E { = (D.l.j)
where jiAa =    —— . ( D . l . 2)
m A + m a
In  the fin a l channel we have,
Ej? — 2
k2 k2Ax  _|_ Ax— b
hAx VAx—b
( D . l . 3)
E qua ting  we have,
m Am.v ,
where uax — -------  and ( D . l .4)
m A + m x
m t (m A +  , .
I^ Ax—b — • ( D . l .5)
rnb + m A + m x
kAa _  %Eb _ k\x ^  k\x_ b
ftAa h /JAx Vax—b
w hich m ay be rearranged as,
2 _ nia(m A + m x) 2 rnAm a 2 2m Am aEb
m x(m A + m a) m b(m A + m x) "Ax~b (m A + m a)%2 '
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Now, fo r f in ite  m A we le t =  k 2 ? no ting  th a t fo r a bound pa rtic le  k2 >  0.
and thus have,
k2,XjAa
D efin ing q
le t H  
then q 
Let F
and G
then  k2Aa 
or kAx_ 
thus q
kAa kAx
m A
niA 
m A + m x
m a(m A + m x) 2 rnAm a 2
 7-------\®Avm x(m A + m a) ' mb(mA + m x) klx b + K
F Ax—b)
m A + m®5
kAa kAx H kAx—i).
(m A +  m x)m a
(m A +  7na)m x 
m Am a
(m A +  m j m j
+  Gk\x_ b -  «2,
kAa -  kAx -  H G ~ k(k\a -  Fk\x -  /c2)*  
I t  can be shown th a t q is a m in im u m  when
G
k A x  —  { k A a  —  K%)  (
For th is  value o f kAx we have,
kAx-b — G 2 (kAa — F  (^jj2p2 4  Q p
H 2F 2 +  G F  
G
*2)*,
= G -f lk Aa K, 2 1 -
G
= G - ^ k 2Aa- ^
H 2F  +  G\ 5 
H 2F
H 2F  +  G
Considering the corresponding m in im um  value o f q we have,
qmin — kAa kAx H  kAx—b, 
=  kAa — (k\a — K,2)*
= kAa- ( k 2Aa- K 2) k>
G
L H 2F 2 +  GF\
ID  1_ 
~ G + F
( D . l . 7) 
(D .1 .8)
( D . l . 9)
( D . l . 10) 
( D . l . 11) 
( D . l . 12)
( D . l . 13)
( D . l . 14)
H 2F
H 2F  +  G
(D .1.15)
[ 0 —-f- f  2 = 1  and thus,
qmin =  kAa -  (k\a -  k2)L* ( D ! ! 6) 
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I t  lias therefore been dem onstrated th a t, since q is the index o f the exponentia lly  
decreasing func tion  along the im ag inary  axis, the V incent and Fortune m ethod w ill 
always converge fo r the D W B A  ca lcu lation used in  th is  thesis. T h is  convergence, 
fo r a given p ro jec tile  and beam energy, w il l be slower when
•  the targe t has low  mass and
• when the b ind ing  energy o f the b - f  x system is low.
To be able to  dem onstrate th a t there is good convergence w ith  the param eters used 
fo r the ca lcu lation, the code provides fo r an o u tp u t, fo r each possible com bination  
o f p a rtia l waves, o f the p ropo rtion  o f the fin a l increm ent added by the V incen t 
and Fortune in teg ra tion  to  the to ta l value o f the in tegra l. Since there are typ ica lly  
over 100,000 possible com binations the o u tp u t is restric ted  to  those cases where 
the p ro po rtio n  is greater than  0.001. For one o f the calculations fo r 11Be on gold 
there was on ly  one value o u tp u t under th is  c rite rion , o f 0.0017.
and is positive for n2 >  0.
D . 2  Partial W a v e  C o n v e r g e n c e
Consider the value o f the off-shell T -m a tr ix  when there are no potentia ls  and there 
is thus no in te rac tion  w ith  the ta rge t. We w il l have a set o f plane waves
Tpiam =  I  (D .2.1)
J A
Let q  — l^Aa k^a; ' k^a:—bj
m A + m x
then  Tpiane =  [  dR eiq R . (D .2.2)
J A
Th is  is a de lta  func tion  5(q). Since q  has a m in im um  value when the wave vectors 
( k Aa, k^a? and k ^ .-Q a re  a ll in  line  and may be replaced by th e ir m odu li, th a t value 
w il l be qmin w hich we have already dem onstrated, in  Section D . l ,  cannot be zero, 
therefore 5 (q ), and thus Tpkine, w ill always be zero.
A  ve ry simple way to  m od ify  th is  expression to  ind icate  the reduction  in  am p litude  
o f the wave functions near the nucleus under the influence o f the nuclear p o te n tia l 
b u t m aking no m od ifica tion  asym pto tica lly , is to  m u lt ip ly  i t  by  the  fac to r (l — e~lR) 
where 7  =  — and rn defines the l im it  o f the nuclear in te rac tion . We now have,
Tapprox [  <2Re,q R ( l  -  e "7R), (D .2.3)J A
=  /  <2Reiq R -  f  dR eiq R e-7H
J A  J A
and since [  <£Re*q'R =  0,
J A
-  /  dRe*q-R e“ 7 fi, (D .2.4)
J A
T>  approx
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which can be evaluated to
* approx -8n
7
(t2 + <ily
(D.2.5)
To determ ine how the value o f th is  expression varies over the  p a rtia l waves for, 
say, kx * j  we in tegra te  the product o f th is  func tion  w ith  the spherical harmonics 
fo r kAx and in tegra te  over a ll kax. Th is function , w liich  we shall designate Conix 
should give an e lem entary ind ica tion  o f the behaviour o f the in teg ra l
L
(w h ich  is defined as Z ijbix in  Section 4.2) as the num ber o f p a rtia l waves are 
increased.
Conlx — - 87r /  dkAxYix(kAx)
J A
7
(72 q2)2
j :
■167T2 I du I —  1 Pia:(u)
47T
7
7 2 +  q 2 ) 2
where 74 = cos V a .)-
, (D .2 .6)
Let q
where v
and thus q2
v - k Ax,
= kAi m Am A +  m xkAx-b
v 2 +  k\x -  2vkAxu.
We can s im p lify  the denom inator ( j 2 - f  q2) as follows.
(D .2 .7) 
(D .2 .8)
(72 + R2) = 72 + v 2 + &L “ 2vkAxu,
72 + t/2 +
= 2^ \  ^  
=  2vkAx(fl - 74),
where /? =
7 2 +  7;2 +
We thus have Con,ix =  —
(D .2 .9) 
(D .2 .10)
2v kAx
16tt27  ( 2 lx +  l V  f 1 Piflu)
1—  L  ( }
From  appropria te  Tables [1, 8.8.3 page 335] we have,
and thus dQ iA P)
d(3
1  f 1 PiK(u)du 
' 2J-1  ( ( 3 - u ) 2 ’
g iv ing  Com v =
32tt27  ( 2lx +  1 0  d Q J fi)
d(3(2vkAx)2 \  47t 
F rom  the same source [1, 8.5.4 page 334] we have,
d Q iM  = l (PQi. ( P ) - Q i. - i(P)\
(D .2.14)
(D.2.13)
d(3 (32 - l
c "'- -
(D.2.15)
(D .2.16)
Let us, fo r a m om ent, investigate the properties o f /?. 
j 2 +  v 2 +  k\x
(3
b u t v 
therefore (3
le tt in g  H
2 vkAx
(D .2.17)
(k\a +  I-PkA _ k -  2 k AaH K Ax- bcos(dAx- b) 2 ,(see E qua tion  D.2.7)
72 + + H 2ki,_t - 2kAaH kM  cos(0A,.b)
2kAx(k2Aa +  H 2ki , _ ,  -  2 kAaHkAx_ b c o s ( ^ _ t )^ 
m A
(D .2.18)
m.l + as before.
F igure D . l :  P lo t o f (3 v. 0Ax-b fo r 39 M eV  N eutron  Energy
We can show ana ly tica lly  th a t, fo r real values o f 0Ax- b, j3 has m in im a  and m axim a 
at 9ax~b =  0 and ir respectively. F igure D . l  shows an example o f the va ria tio n  o f
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/3 w i t l i  0Ax-b fo r a neutron lab  energy o f 39 M eV  Thus, fo r m in im u m  [3 at th is 
energy (/3),
v =
so (3 —
kAa -Hkax—b5
q + kAxi
72 + (q + kAx)2 + k\x
= 1 +
+ kAx)kAx 
7 2 + g2
2&Aar(<7 +  &A.r)
(D .2.19)
(D .2.20)
Therefore since q >  0, kAx >  0 and 7  >  0 we know  tha t (3 m ust be greater than  1. 
I t  can be shown th a t, fo r the values involved in  these calculations, /3 is a m in im um  
at a p o in t very close to  where q is a m in im um . Since q is a fun c tio n  o f kAx we can 
p lo t (3 as a func tion  o f kAx or, more he lp fu lly , the neutron energy in  the labo ra to ry  
(D n), fo r given targets. F igure D.2 shows th a t (3 is a m in im um  at an energy very 
close to  the beam  energy and thus, when q Pd qmin•
2 0 . 0  3 0 . 0  4 0 . 0  5 0 . 0  6 0 . 0  7 * 0 . 0  8 0 . 0En
Figure D.2: P lo t o f (3 v. N eutron Energy (E n M eV )
R e tu rn ing  to  Conix we need to  show th a t th is  func tion  decreases w ith  I less ra p id ly  
fo r low  values o f (3 so th a t the c ritica l value is the lowest, (3min.
The asym pto tic  expansion o f Qi((3) [1, 8.10.5 page 336] is,
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Q M
'+5
X
i n  
2’ 2’ 2 ’
r(* + f)
-<3 + (/32-l)8 
2(/32 — l)i (D.2.21)
For h igh  /, the hypergeom etric func tion  T ( , ; ; )  -> 1 so the m a in  /-dependence 
o f Qi((3) resides in  the fac to r [/? — (fl2 — l ) 1] w h ich  is 1 fo r (3 =  1 . As (3 in ­
creases th is  fac to r progressively moves towards 0 and thus dem onstrates a greater 
decrease between successive / values. O bviously the c ritica l value is the lowest 
value o f f3, $ min, when th is  decrease is least. Conix lias, as the m a in  decreasing 
fac to r, f3Qix((3) — Qix_i((3) w h ich w il l decrease in  line  w ith  Qix((3). We are dealing 
w ith  cross-sections so the appropria te  fun c tio n  to  dem onstrate the worst level o f 
convergence is \Conix\2 fo r a value o f (3 — (3min. Th is is shown in  F igure D.3.
F igure D.3: P lo t o f \Conix\2 v. lx at Beam Energy (41 M eV /nuc leon )
The ra te  o f decrease fo r h igh  I is measured as p ropo rtiona l to  e-0,028/. T h is  results 
fro m  a simple m odel th a t takes no specific account o f Coulom b effects and we w ou ld  
not necessarily expect i t  to  reflect the I convergence fo r the nuclear and Coulom b 
cross-section. However, surpris ing ly, we see in  F igure D .4 th a t when we calculate 
the co n trib u tio n  to  the to ta l cross-section o f the p a rtia l waves fo r x partic les at 
the beam  energy the ta il o f th a t co n tribu tio n  tracks the h igh-/ ra te  o f decrease o f 
\C°nix 12 qu ite  well.
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Figure D.4: lx C o n tr ib u tio n  to  T o ta l Cross-section
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